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1.1

1.2

Fundamental Theorem of
Arithmetic

Least Integer Axiom and Mathematical Induction

Let
Z={0,£1,+2,---}

be the set of integers. Let N denote the set of non-negative integers. The Least
Integer Axziom, also known as the Well Ordering Principle, states that there is
a smallest integer in every nonempty subset of non-negative integers.

Remark 1.1 One can show that the least integer axiom implies the principle
of mathematical induction. Conversely, the principle of mathematical induction
implies the least integer axiom.

The Division Algorithm

THEOREM 1.1 (Division Algorithm) Let a and b be integers such that b > 0.
Then there exist unique integers ¢ and r with

a=bg+r, where0<r<hb.

Proof
Let

S={ye€eZly=a—bx, ze€Zandy>0}.
Note that since
a —b(—lal) = a+bla| >0,
we find that
a+bla] € S,



1.2 The Division Algorithm 3

and we conclude that S is nonempty. By the Least Integer Axiom, S contains a
least non-negative integer, which we denote by r. We note that since r € S,

r=a— bq,
for some integer q. We therefore conclude that
a=bg+r and r>0.
We now show that r < b. Suppose r > b. Then
r—b>0 and r—b=a—>b(g+1).
This implies that
r—besS.

By assumption, b > 0 and hence r — b < r. Hence, we have found a non-negative
integer 7 — b contained in S and smaller than r. This contradicts the minimality
of r and we conclude that r < b.

Finally, we show that the integers ¢ and r are unique. We suppose the contrary.
Then there is a different representation of the form a = bg’ + r’. This implies
that

b —q)=r—7 (1.1)

and we conclude that |r — 7/| is a multiple of b. On the other hand, both r,r" €
[0,b) and |r — /| can be a multiple of b only when |r —r'| = 0. In other words,
r =7’ and by (1.1), ¢ = ¢’. This contradicts the fact that the representations
a=bq + 1" a=bg+r are different and therefore, the integers ¢ and r must be
unique. O

When r = 0 in Theorem 1.1, we have a = bg and we say that b divides a and
we write bla. When r > 0, we say that b does not divide a and we write b1t a.

DEFINITION 1.1 If an integer b divides a, we say that b is a divisor of a and
that a is a multiple of b.

DEFINITION 1.2 We say that a positive integer is a prime if it has exactly two
divisors, namely, 1 and itself.

We now state some elementary properties of divisibility.
THEOREM 1.2 Let a,b,d, m and n be nonzero integers. The following state-

ments are true:

(a) For all nonzero integers k, k|k.
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(b) If djn and n|m, then d|m.
(¢) If din and d|m, then d|(an + bm).
(d) If d|n, then ad|an.
(e) If adlan and a # 0, then d|n.
(f) If d|n, then |d| < |n|.
(g) If d|n and nl|d, then |d| = |n|.
n
(h) If d|n, then (3) |n.

Proof

We will prove (¢) and leave the rest of the statements as exercises. Since d|n,
we find that n = ds for some integer s. Similarly, d|m implies that m = dt for
some integer t. Now,

an + bm = ads + bdt = d(as + bt).
This shows that d|(an 4+ bm) for any integers a and b. O

In Theorem 1.2 (h), we see that if d is a divisor of n, then n/d is also a divisor
of n. If d is a divisor of n, then we call n/d is called the conjugate divisor of d.
We say that a is congruent to b modulo n when n|(a — b). The notation is

a=0b (modn).

With this notation, we conclude from Theorem 1.1 that given integers a and
b > 1, there exists a unique r with 0 < r < b such that

a=r (modb).

THEOREM 1.3 (Basic Properties of Congruences) Let a,b,c,d,n be integers
with n > 0. Then

(a) For all integers k, k =k (mod n).

(b) f a=b (mod n) then b=a (mod n).

(¢) fa=b (modn)and b=c (mod n) then a =c¢ (mod n).

(d) f a = b (modn) and ¢ = d (mod n) then a + ¢ = b+ d (mod n) and
ac = bd (mod n).

Greatest common divisors

DEFINITION 1.3 Let a and b be integers for which at least one of them is
non-zero. A common divisor of integers a and b is an integer ¢ with c|a and c¢|b.
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DEFINITION 1.4 A greatest common divisor of integers a and b is a number d
with the following properties :

(a) The integer d is non-negative.
(b) The integer d is a common divisor of a and b.
(c) If e is any common divisor of a and b, then e|d.

The greatest common divisor of two integers (one of which is non-zero) is unique.
It is written as

(a,b).

We will show later that the greatest common divisors of two integers a and b
exists.

Remark 1.2  Note that if b # 0 and a = 0 then |b] = (b,0).

We will next show that the greatest common divisor of two integers exists. By
Remark 1.2, it suffices to consider the case when both a and b are nonzero.

THEOREM 1.4 Let a and b be nonzero integers.Then there exists integers m,n
such that

(a,b) = am + bn.

Proof

We give a proof of the above using facts from cyclic groups. We first recall that
if G is a cyclic group and H is a subgroup of G, then H is cyclic. To see this, let
G be generated by g. Since H is a subgroup of G,

H={g'lteT}

where T is a subset of Z. Let r be the smallest positive integer in T'. The existence
of r is guaranteed by the least integer axiom. We claim that H is generated by
g". Suppose not. Then by Theorem 1.1, there exists £ € T' such that

L=rq+s50<s<r.
Note that
¢9ec Hand ¢' € H

implies that
¢ =g""€eH
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Hence, s € T and 0 < s < r, contradicting the minimality of r. Therefore, H is
cyclic. Now, (Z,+) is a cyclic group generated by 1. The set

Q = {am+bn|m,n € Z}
is a subgroup of Z. This can be seen using the subgroup criterion as
(am +bn) — (am’ +bn') = a(m —m') +b(n —n') € Q.

By the property of cyclic group, we conclude that @ is generated by a positive
integer d.

Now, d = aa + b3 for some integers a and ( since d € Q. Note that a =
a+b-0€ Q and so a = du since @ is generated by d. Therefore d|a. Similarly,
d|b. Therefore d is a common divisor of a and b.

Next, let ¢ be a common divisor of a and b. Write a = cv and b = cw. Then

d=aa+ b8 =c(va+ wp)

implies that c|d. Since d > 0, we conclude that d = (a,b) as d satisfies the

conditions defining the greatest common divisors of a and b.
O

DEFINITION 1.5 We say that two integers a and b are relatively prime if

(a,b) = 1.

THEOREM 1.5 Let a and b be nonzero integers. Then (a,b) = 1 if and only if
1 = ax + by for some integers = and y.

Proof
Since (a,b) =1, by Theorem 1.4,
1=ax+by
for some integers = and y.
Conversely, if
1 =ax + by,

then (a,b)|a and (a,b)|b, and therefore (a,b)|1. This implies that (a,b) =1. O

We now list down some basic properties of the greatest common divisor of two
integers.

THEOREM 1.6 Let a,b and ¢ be nonzero integers. Then

(a) (a,b) = (b,a)
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(b) (a,(b;¢)) = ((a,b),c) and
(c) (ac,be) = |c[(a,b).

Proof
We will prove only (c) and leave the proofs of the other statements as exercises.
Let d = (ac,be) and d’' = |c|(a,b). By Theorem 1.4,

d = aczx + bey
for some integers x and y. Hence,
d:‘—;(ao\c|«w+b~|c|~y). (1.2)
Now, d' = |c|(a,b) and since (a,b)|a and (a,b)|b, we find that d’ is a common

divisor of a - |¢| and b - |¢| and therefore, by (1.2), d’|d.
Next, since d’/|c| = (a,b), by Theorem 1.4,
U

— =au+bv
||

for some integers v and v. This implies that

d=ale|-ut+b-|c|-v= H(acu—l—bcv).
c
But d is a common divisor of ac and be and hence d|d’. Since d'|d and d|d’, we
conclude by Theorem 1.2 (g) that |d| = |d'|. Since both d and d’ are positive, we
deduce that d = d'. O

We have seen the definition of the greatest common divisor of two integers a
and b. The greatest common divisor of m integers is defined in a similar way. It

is a positive integer d which is the divisor of ay,--- ,a,, satisfying the property
that any common divisor of aq,--- ,a,, divides d. The notation for the greatest
common divisor of m integers is (a1, as,: -+ ,am,). For example, one can show
that

(a,b,¢) = (a, (b,¢)) = ((a,b),¢) = ((a,¢),b).

The least common multiple

DEFINITION 1.6 The least common multiple of two integers a and b with b # 0
is defined as an integer m satisfying

(a) m is a positive integer,
(b) alm and bjm,
(c) If al¢ and b|¢ then m|L.
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The notation for the least common multiple of a and b is [a, b].

An important identity relating (a,b) and [a, b] is

THEOREM 1.7 Let a and b be positive integers. Then

ab = [a, b](a,b).

Proof
Our first step is to prove that if (u,v) = 1, ulm and v|m then wv|m. Write
m = ua and n = vf. Note that 1 = (u,v) implies that

1 =ur +ow.

Hence,

m = muv + mow = vPuv + uavw = wv(Br + aw).

Therefore uv|m.
For our second step, we show that if ¢ € ZT, then

clh, k] = [ch, ck].

Let ¢ = [h,k] and ¢’ = [ch,ck]. Now, h|¢ and k|{, then ch|cl and ck|cf. This
implies that ¢'|cl or ¢'/c|f. Next ch|¢’ and ck|¢'. Then h|(¢'/c) and k|(¢'/c) and
£(¢'/c). Therefore, £ = ¢'/c or ¢l = {'.

Now, suppose that d = (a,b). Then

1= (a/d,b/d),
since ¢(a,b) = (ca, cb) for ¢ > 0 (see (c)). By the first step,
[a/d,b/d] = ab/d>.
Therefore,
ab = d(d[a/d,b/d]) = d[a, ]

by the second step.

Euclid’s Lemma

We know that if ¢ # 0 then ca = ¢b implies that a = b. This is known as the law
of cancelation for equality. The law is not true in general if we replace “=" by
=. For example, 15 =3 (mod 12) but 5 # 1 (mod 12). The next result shows
that the law of cancelation holds if we impose a condition on the integer c.
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THEOREM 1.8 Let a,b,c and n be integers. If ca = ¢b (mod n) and (¢,n) =1,
then a = b (mod n).

Proof
Since (¢,n) = 1 there exist integers x and y such that cx + ny = 1. Multiplying
a and b yields

acr +any = a

and

bcr 4+ bny = b,

respectively. Since ac = be (mod n), we conclude that a — b = (ac — be)x = 0
(mod n) and hence,

a=b (mod n).

Theorem 1.8 can be used to prove the following result of Euclid.

COROLLARY 1.9 Let a and b be integers and p be a prime. If p|(ab), then p|a
or plb.

Proof
For any integer n, (n,p) = 1 or p since p has only two divisors. Suppose p 1 a.
Then (p,a) = 1. By Theorem 1.8, the relation

ab=0 (mod p)

then implies that
b=0 (mod p).

By induction, we have the following;:

COROLLARY 1.10 Let aj,as,:-- ,a, be integers and let p be a prime. If
pl(aras - - any,) then play for some k.
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Fundamental Theorem of Arithmetic

THEOREM 1.11 (Fundamental Theorem of Arithmetic) Every positive integer
n > 1 can be expressed as a product of primes; this representation is unique
apart from the order in which the factors occur.

Proof

We first show that n can be expressed as a prime or a product of primes. We
use induction on n. The statement is clearly true for n = 2 since 2 is a prime.
Suppose m is a prime or a product of primes for 2 < m < n — 1. If n is a prime
then we are done. Suppose n is composite then n = ab, where 1 < a,b < n. By
induction each of the a and b is either a prime or a product of primes. Hence,
n = ab is a product of primes. By mathematical induction, every positive integer
n > 1 is a prime or a product of primes.

To prove uniqueness, we use induction on n again. If n = 2 then the repre-
sentation of n as a product of primes is clearly unique. Assume, then that it is
true for all integers greater than 1 and less than n. We shall prove that it is also
true for n. If n is prime, then there is nothing to prove. Assume, then, that n is
composite and that n has two factorizations, say,

n=pip2-Ps = q1q2 " G- (1.3)

Since p; divides the product qiqs---q:, it must divide at least one factor by
Corollary 1.10. Relabel g1, ¢, ..., g¢ so that pi|g;. Then p; = gy since both p; and
q1 are primes. In (1.3), we may cancel p; on both sides to obtain

n/pl :p2...p8:q2...qt.

Now the induction hypothesis implies that the two factorizations of n/p; must
be the same, apart from the order of the factors. Therefore, s = ¢t and the
factorizations in (1.3) are also identical, apart from order. This completes the
proof. O

In subsequent chapters, whenever we write
a1, (78
n=p;py" P,

we mean that p{*p§? - - - p&r is the prime power decomposition of n that is unique
up to rearrangement of factors. When we write

'
n= H pRE
k=1
we mean that a; # 0,1 < j < 7. If we write

n=][r",
p
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then we understand that only finitely many «,’s are nonzero.
We also observe that using the Fundamental Theorem of Arithmetic, we de-

duce that if
a=[[r> b=]]p".
p p

then
(a/7 b) — Hpmin(ozp,[ip)
P
and
[a’ b] — Hpmax(apvﬁp).
P
Hence,
(a,b)[a,b] = ab,
since

min(h, k) + max(h, k) = h + k.

This gives another proof of Theorem 1.7.
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Arithmetical functions

DEFINITION 2.1 A real or complex-valued function defined on the set of posi-
tive integers is called an arithmetical function.

EXAMPLE 2.1 Here are examples of arithmetical functions:

—

. The function u(n) = 1 for all positive integers n.

2. The function N(n) = n for all positive integers n.
3. The function d(n), the number of divisors of n.
4

. The function o(n), the sum of divisors of n.

Given an arithmetical function f(n), we can construct a new arithmetical func-
tion g(n) by letting

o) = 3" f(d).
d|n

Here the notation Z f(d) means the sum of f(d) over all divisors of n.
d|n
Note that with the above notation, we may write

d(n) = Z 1= Zu(ﬁ)

ln ln

and

a(n) = L.
Ln

In other words, d(n) is constructed from u(n) and o(n) is constructed from N(n)
via the summation over divisors of n. This construction of a new function from
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a known function reminds us of constructing new continuous function through
the integration of continuous function in Calculus.

Remark 2.1  1f djn then n = d(n/d) and this implies that n/d divides n. If
n/d divides n then d|n. Summing over d is the same as summing over n/d since
there is a one-one correspondence between these divisors. Therefore,

Y fd= Y f@=) fn/d) =" f(n/d). (2.1)

d|n (n/d)|n d'|n d|n

EXAMPLE 2.2 Show that

Solution
Note that

Multiplicative functions

DEFINITION 2.2 An arithmetical function f is said to be multiplicative if
f)=1
and
f(mn) = f(m)f(n) whenever (m,n)=1.

DEFINITION 2.3 An arithmetical function f is said to be completely multiplica-
tive if f(1) = 1 and for all positive integers m and n,

f(mn) = f(m)f(n).
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EXAMPLE 2.3 The functions u(n), N(n) are completely multiplicative. The
functions ¢(n),d(n) and o(n) are all multiplicative but not completely mul-
tiplicative. (We will show later that ¢(n) is multiplicative.) The functions
w(n), Q(n) and A(n) are not multiplicative.

Suppose n > 1 is an integer written in the form

k
o1l
=1

and if f is multiplicative, then

k k
f (Hzﬁ”) = _Hf(p?i)-

This shows that if f is multiplicative, then its value at any positive integer n is
determined by its values at prime powers.
If f(n) is completely multiplicative, then

k k
f <Hp?i> = Hf(pi)‘“

and the values of f(n) is completely determined by the values of f(p) for prime
p.
We now prove a simple but useful result for multiplicative functions.

THEOREM 2.1 Let f be a multiplicative function. Then the function
g(n) =>_ f(0)
Ln

is also multiplicative.

Proof

It is immediate that g(1) = 1. Let (m,n) = 1. Then observe that if ¢|mn, then
we may write £ = {105 with ¢1|m and ¢3|n since m and n are relatively prime.
To see this, suppose ¢|mn and let ¢; = (¢, m),¢; = (¢,n). Note that ¢;|m and
lo|n and

01ly = (£,m)(,n) = (mn, £(m,n), 0?) = (mn, £,0%) = (mn, {) = 1.
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Therefore
g(mn) = 3 £(0)
£lmn
=3 () ()
£1|m La|n
= g(m)g(n).
O
Remark 2.2
1. Let

ga(n) = d*,
d|n

where a € Z. Note that o1(n) = o(n) and o¢(n) = d(n). Since d* is multi-
plicative, by Theorem 2.1, o,(n) is multiplicative. Therefore d(n) and o(n)
are both multiplicative.

. We can also show that ¢(n) is multiplicative using similar argument but at

the moment, we will defer the proof of this fact.

. Note that if f(n) is completely multiplicative, Z f(d) may not be completely

d|n
multiplicative. For example, u(n) is completely multiplicative but d(n) = Z 1
d|

is not completely multiplicative.

Perfect numbers and o(n)

An integer n is said to be perfect if the sum of its divisors less than n is n. The
first two perfect numbers are 6 and 28. Note that using o(n), we observe that a
positive integer n is perfect if and only if

o(n) =2n

or if and only if

o(n) —n=n.

The following theorem gives the characterization of even perfect numbers:
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THEOREM 2.2 Let n be a positive integer. An even integer N is perfect if and
only if N = 28=1(2F — 1) where 2¥ — 1 is prime.

Proof
Let N = 2k=1(2F — 1) with 2¥ — 1 a prime. Since o(n) is multiplicative,

o(2F71 28 — 1)) = 02" Ho (28 — 1) = (28 — 1)2F = 2N.

Hence N is perfect.
Conversely, if N is even and perfect. Write N = 2¥~'m, k > 2 and m odd.
Since o(n) is multiplicative and (2¥=!,m) = 1, we conclude that

o(N)=0(2"No(m)=(1+2+---+2"" ") o(m) = (2" = D)a(m).  (22)
But N is perfect and this implies that
o(N)=2N = 2Fm. (2.3)
From (2.2) and (2.3), we deduce that
(2% — 1)a(m) = 2¥m.
Since (2F — 1,2%) = 1, by Euclid’s Lemma, we deduce that
(28 — 1)|m. (2.4)
By (2.4), we may write
m= (2" —1)s, (2.5)
with s > 1. With this expression for m, we find using (2.2) and (2.3) that
o(m) = 2*s. (2.6)
If s > 1 then (2.5) shows that 1, s and (2 — 1)s are all divisors of m. Hence,
o(m)>1+s+2F —1)s > s+ (28 — 1)s = 2Fs.

This contradicts (2.6). Therefore s = 1, m = 2¥ — 1 and o(m) = 2*. But this
means that 1 and 2 — 1 are the only divisors of m and hence m = 2* — 1 must
be a prime.

O

The Mobius function

Let us now introduce one of the most important arithmetical functions, namely,
the Mobius function p(n).
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DEFINITION 2.4 Let pu(1) = 1. If n = p{™* - - - pp*, then define

() (71)k ifar=ay="-=q =1,
n)=
H 0 otherwise.

The function p(n) is known as the Mobius function.

DEFINITION 2.5 An arithmetical function f(n) is additive if for any positive
integers (m,n) = 1,

f(mn) = f(m) + f(n).

DEFINITION 2.6 The function w(n) is defined by w(l) = 0 and w(n) is the
number of distinct prime divisors of n.

EXAMPLE 2.4 The function w(n) is additive. For, if (m,n) =1,

k t
m:pr"' and nqufj,
i=1 j=1

then
w(mn) =k +t = w(m) + w(n).

DEFINITION 2.7 Let m and n be positive integers. An arithmetical function
f(n) is completely additive if

f(mn) = f(m) + f(n).

DEFINITION 2.8 The function Q(n) is defined by (1) = 0 and Q(n) is the
number of prime divisors of n.

EXAMPLE 2.5 The function Q(n) is completely additive. This is because if

k t
m:pr” and n:Hq?j,
i=1 j=1
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then
Q(mn) =a1+--+ax+ 1+ + B = Qm) + Q(n).

If n = pi*---pp* and a; = 1,1 < j < k, we say that n is squarefree. Note
that in this case w(n) = k. Therefore, we have for n = p{* - .- p*,

(=1)“(™ if n is squarefree,
0 otherwise.

We now show that u(n) is multiplicative. If either m or n is not squarefree, then
w(m)u(n) = 0. Also, mn is not squarefree in this case and therefore pu(mn) = 0.
In other words,

p(mn) = p(m)p(n).
If both m and n are squarefree and (m,n) = 1, then
p(mn) = (1)< = (=1)=FC) — y(m)u(n).

Therefore, u(n) is multiplicative.

THEOREM 2.3 Let n be any positive integer and [z] denote the integer part of
a real number x. We have

1 ifn=1,

;M): m :{0 it n > 1.

Proof
By Theorem 2.1, we know that g(n) = Z w(€) is multiplicative. In other words,
ln
g(1) =1 and
g([Tr°») =T o™
P P
But
9("") = (1) +p(p) +0+---+0=1-1=0.

In other words, if n # 1, then g(n) = 0. O

DEFINITION 2.9 Let n be any positive integer. The arithmetical function I is

defined by
1 1 ifn=1
In)=|—| = 2.7
(n) { ] {0 ifn>1 27)
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Using the above notation, we have

1) = 3 ().
d|n

2.5 The Euler totient function

DEFINITION 2.10 The Euler totient ¢(n) is defined to be the number of positive
integers not exceeding n which are relatively prime (see Definition 1.5) to n.

It is sometimes convenient to write p(n) as

pn)= > L (2.8)
(Ko =1

THEOREM 2.4 Let n be any positive integer. Then

e(n) = u(d)7.
d|n

Proof
If g(k) is an arithmetical function, then

n

Y gk)y =" g(k)I((k,n)),
k=1

k=1

(k,n)=1

where T is given by (2.7). Setting g(k) = 1, we find that

p(n)= Y 1=) I((k.n)
O
Now,
p(n) = I((k,n)) = pO) =y o
k=1 k=1 2| (k,n) k=1 gllk
n/t n
=Y u0 Y 1= wn
ln q=1 ln

This completes the proof of the theorem. O
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Since p(n)/n is multiplicative, we conclude from Theorem 2.1 that Z wu(d)/d
d|n
is multiplicative. This implies that ¢(n)/n is multiplicative. Since N(n) = n is
multiplicative, we deduce that ¢(n) is multiplicative and we state the result as
follow:

THEOREM 2.5 If m and n are positive integers such that (m,n) = 1, then
p(mn) = p(m)p(n).

THEOREM 2.6 Let n be any positive integer with prime factorization

k
n= Hp?j.
j=1
Then

@(n)zn}l(l—;).

Proof
We are now required to compute o(p*) for any prime p. Note that for k& > 1,

T Y S N N
so(p)—pc%;d p<1+p> pr—ph .

Remark 2.8 The values of ¢(p®) can be computed directly. For aw = 1, since p
is a prime, ¢(p) = p— 1 since all integers less than p is relatively prime to p. For
a > 1, the integers less than p® that is NOT relatively prime to p are multiples
of p. There are p
that p® that are relatively prime to p®, or

=1 such integers. Therefore, there are p® — p®~! integers less

(e a—1

e(@*)=p" —p

Dirichlet product of arithmetical functions and multiplicative
functions
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DEFINITION 2.11 Let f and g be two arithmetical functions. We define the
Dirichlet product of f and g, denoted by f * g, as

(F+g)m) =D £09 ()

ln

We will often use f x g to represent the function (f * ¢g)(n), suppressing the
argument n.
Using the above notation, Theorem 2.4 can simply be written as

o =p*N.

Our aim now is to show that the set of multiplicative functions, which we
denote as M, together with the operation * forms an abelian group. We first
note that x is a binary operation on M. The proof of this fact is similar to the
proof of Theorem 2.1.

THEOREM 2.7 The function I is the identity function for *, that is, I x f =
f =1 = f for every arithmetical function f.

Proof
By the definition of I, we find that

(L f)m) =D 10F (5) = ).

£n

By the commutative law in Theorem 2.9, we conclude that

f*xI=Ff.

Remark 2.4 Theorem 2.7 holds for any arithmetical function, not just multi-
plicative function.

THEOREM 2.8 Let f and g be multiplicative functions. Then f * g is multi-
plicative.

Proof
Let h = f % g. Note that
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Next, consider the expression

A(mn) = Y f(e)g (*)-

clmn

Given that (m,n) = 1, we can write ¢ = ab, where a|m and bjn. Therefore, we
deduce that

h(mn) = 33" flab)g (=7)

a|lm bln

=YY @iy () (3)-

a|lm bln
since (m/a,n/b) =1 and both f and g are multiplicative. This implies that

nomn) = 3 1)y () 3 10039 ()
bln

alm

= h(m)h(n).
O

The following result shows that * is both a commutative and associative op-
eration on M.

THEOREM 2.9 The Dirichlet product is commutative and associative, that is,
for any arithmetical functions f, g, k, we have

fxg=gx*f
and
(fxg)xk=[fx(gxk).

Proof
The Dirichlet product of f and g is given by

(frg)m) =D £ ()

Ln

Let d; = n/d be the conjugate divisor of d. As d runs through all divisors of n,
so does d;. By (2.1),

(fra)m) =31 (;) o(dy) = (g% F)(n).

d]‘n
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To prove the associativity property, let A = g *x k. Then

() =Y f@A (%)

aln

= > fla) ) gb)k(e)

a-d=n b-c=d

= Y fla)g®)k(e).

a-b-c=n
Similarly, if we set B = (f * g), then

Brk)n) = Y. B(d)k()

d-c=n

=Y > fla)g(b)k(e)

d-c=n a-b=d

Y f@)gb)k(e).

a-b-c=n

Therefore,

(f * (g + k) (n) = ((f * g) * k) (n).

THEOREM 2.10 (Mdbius inversion formula) If f = g * u, then g = f * p.
Conversely, g = f % p implies that f = g x u.

Proof
Suppose f = g * u. Then

frp=(gxu)xp=gx(uxp) =g=I=g.
Conversely, if g = f * u then

gru=(fxp)xu=fx(uxu)=f+xI=f

We can now show the following identity that relates N(n) to ¢(n).

THEOREM 2.11 Let n be any positive integer. Then

Z o) =n.
ln

Proof
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We have seen from Theorem 2.4 that
w=p*xN.
By Mobius inversion formula, we conclude that
N =ux*p.
O

We now show that for any arithmetical function f(n) such that f(1) # 0 (not
necessarily multiplicative), the inverse of f under * exists.

THEOREM 2.12 Let f be an arithmetical function. If f(1) # 0, then there is a
unique function g such that

fxg=1. (2.9)

Proof
We show by induction on m that (2.9) has a unique solution g(m). In order for
(2.9) to hold, the function g(n) must satisfy

fDg(1) = 1.

Since f(1) # 0, we find that
1

9(1) = m

and ¢g(1) is uniquely determined. Suppose m > 1 and assume the values of g(k)
have been determined for 1 < k < m — 1. From (2.9), we find that

FWgtm) + 3 f(0)g () =0.
£lm

£>1

Therefore,

and g(m) is uniquely determined. By mathematical induction, there is a unique
function g(n) such that

fxg=1.
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Remark 2.5 Theorem 2.12 holds for any arithmetical function f with f(1) # 0,
not just multiplicative function.

DEFINITION 2.12 Given an arithmetical function f such that f(1) # 0. The
unique function g such that f x g = I is called the Dirichlet inverse of f. The
notation for the Dirichlet inverse of fis f~!.

EXAMPLE 2.6 From Theorem 2.3 which can be expressed as I = u * u, we
conclude that the inverse of u is u.

From the construction of f~! in Theorem 2.12, it is not clear that the Dirichlet
inverse of a multiplicative function f is multiplicative. To complete the proof
that (M, x) forms an abelian group, it suffices to f~! is multiplicative if f is
multiplicative.

THEOREM 2.13 If both g and f % g are multiplicative, then f is also multiplica-
tive.

Proof
We prove the theorem by contradiction. Suppose f is not multiplicative. Let

h=f=xg.

Since f is not multiplicative, there exist two relatively prime integers m and n
such that

f(mn) # f(m)f(n).

We choose mn as small as possible. If mn = 1, then

fF) # F)f),

which implies that f(1) # 1. Since h(1) = f(1)g(1) = f(1) # 1, we conclude
that h is not multiplicative, which leads to a contradiction. Hence, mn # 1.
If mn > 1, then

flab) = f(a)f(b)

for all 1 < ab < mn and (a,b) = 1.
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Now,

h(mn) =Y f(d)g(mn/d)= Y f(mn/(ab))g(ab)

d|mn m=am’
n=bn
= f(mn)+ Y f(mn/(ab))g(ab)
= f(mn)+ Y f(m/a)(n/b)g(a)g(b)

= f(mn) + h(m)h(n) — f(m)f(n).
Therefore f(mn) = f(m)f(n), which contradicts our assumption that f(mn) #
f(m)f(n). O

1

THEOREM 2.14 If g is multiplicative, then the Dirichlet inverse g—* is also

multiplicative.

Proof

The functions ¢ and g * g~ !

= I are multiplicative. By Theorem 2.13, g~ is

multiplicative. O

EXAMPLE 2.7 1. If f is completely multiplicative then f~! = pf. This can be
verified directly by show that uf = f = I.

2. The functions o~! = pu* uN and ¢! = w* puN. The first identity follows
from ¢ = N *u, which implies that 0! = N~ xu™! = uN % p since u™! =
and N=! = uN (N being completely multiplicative).

Appendix

DEFINITION 2.13 Let f be an arithmetical function. The formal Dirichlet series
associated with f is the formal series

=y

n

Note that if f and g are arithmetical functions, then

D(f +g;8) = D(f;s) + D(g;s)
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and

oo > > S f(n/d)g(d
D(f;5)D(g; s) =Zf(£) Zg(d) => Lan fn/Dg(d) = D(f *g;s).

ns
=1 d=1 n=1

Now, by Fundamental Theorem of Arithmetic, we may write n = pi"* -- - p*.
f(n)
nS

If f is multiplicative, then the term

appears once in the expansion of the

formal product

H<1+f(p)+f(p2)+.__>.

s 2s
» p p
Conversely, if D(f;s) can be expressed above product, then
fln) = f(1) - f(p")-

This means that f(mn) = f(m)f(n) whenever (m,n) = 1. This implies that f
is multiplicative.
Therefore, f is multiplicative if and only if

D(f;8)=H<1+f(p)+f(p2)+...)_

s 2s
» p p

We next show that if f is multiplicative, then f~! is multiplicative. Note that
D(f;8)D(f~Ys) =1,
On the other hand,

(Hf;f) +f;§j)+,_.> <1+f;3(p)+f;2§§92)+,,,> _

since

D@ /d) =0,

d|p>

if a > 1. This implies that

D(f;s)D(f_l;s):1:H<1+f(p)+f(p2)+...) <1+f‘1(p)+f‘1(p2)+_._)

Hence,

D(fl;s)=H<1+f1(p) +f*1(p2) +...),

s 2s
. p p

and therefore, f~! is multiplicative.



3.1

Averages of Arithmetical Functions

Introduction

Let x be a positive real number. We use the notation
> fn)
n<zx

to denote the sum

FO+ @)+ -+ F([z])-

For positive real number x, the mean of the function f from 1 to z is defined
by

Fa) =23 fn)

n<z

The purpose of studying f(x) is because in general, f(z) behaves more regu-
larly than f([z]), especially when z is large. For example, when f is the charac-
teristic function for primes, namely,

f(n) =

1 if nis a prime
0 otherwise.

The function

> fn)

n<x

is usually written as 7(x) and the Prime Number Theorem states that f(z) =
m(x)/z “behaves” like 1/Inx. On the other hand, we cannot predict the value of
f(n) for each n = [z] since we do not know the location of primes in Z.

We now introduce the “big-O” notation and the notion of asymptotic.

DEFINITION 3.1 Let a be any real number and let g(x) be a real-valued function
such that g(x) > 0 when = > a. We write

f(z) = O(g(x))
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to mean that the quotient f(z)/g(z) is bounded for = > a; that is, there exists
a constant M > 0 such that

|f(z)] < Mg(xz) for all z > a.
Sometimes, we will also use the notation
flz) < g(x)
to represent f(x) = O(g(z)).

EXAMPLE 3.1 The function 2 = O(2®) when z is large. The function " =

O(e®) for any positive integer n.

DEFINITION 3.2 If

o f)
hm @) =

then we say that f(x) is asymptotic to g(z) as © — oo, and we write

)

f(z) ~g(z) asz— 0.

EXAMPLE 3.2 The Prime Number Theorem can be written as
i

m(x) ~ @)’

Partial summation and the Euler-Maclaurin summation formula

THEOREM 3.1 Let a(n) be an arithmetic function and set

n<z

Let 0 < y < z be real numbers and f be a real-valued function with continuous
derivative on [y, z]. Then

Y a(n)f(n) = f(2)A() — f(»)Aly) - /w A@R)f'(t) dt. (3.1)
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Proof
We observe that

/ CAD () dt = / S a() () dt (3.2)

n<z max(y,n)
- Z a(m)If (@) — f(max(y, ).
Therefore, -
/ TA(t)f’(t)dtzf(:v)A(fc)—;a(n)f(y)— T awie
@A) — JAG) — 3 )

Simplifying, we find that

> a)f ) = AW @)~ AW ) - [ AOF©)ar.

y<n<z

Remark 3.1 The second equality of (3.2) follows from interchanging the integral
with the summation. We now explain the limits in the integral using Figure 3.1.
Note that for a fixed ¢, the sum is over all n < ¢ (consider the vertical line). For
a fixed n, we integrate from y to z if n < y and from n to x if n > y (consider
the two horizontal lines in the shaded region). Hence for a fixed n, we integrate
from max(n,y) to x.
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The Euler-Maclaurin summation formula (Special case)
In this section, we deduce the Euler-Maclaurin summation from Theorem 3.1.

THEOREM 3.2 (The Euler-Maclaurin summation formula) Let 0 < y < z and
let f(x) be a real-valued function with continuous derivative on [y, x]. Then

S s = [ fa+ [(@Br0@- @i 63

y<n<z

Proof
By partial summation formula with a(n) =1 and A(z) = [z], we find that

> s = @l - Sl - [ W0

y<n<z

= J@) {2} @) + T}~ S~ [ (D)) de
= @)+ f) )+ [ O de+ f@e— f - [ i

=@t + f)+ [ @rwas [ o

Some elementary asymptotic formulas

DEFINITION 3.3 For each real number s > 1, we define the Riemann zeta
function as

DEFINITION 3.4 The Euler constant «y is defined as

. 1 1 1
y=lm (1+-+-+:--+——Inn ).
2 n

n— o0 3



32 Averages of Arithmetical Functions

THEOREM 3.3 If z > 1, then

(a) Zilnx+’y+0<i>,

n<lx
1 i=e —N &
(b) == 8—|—C’(s)—|—0(;z: ) ifs>0ands#1,
nS p—
n<z
where
¢(s) if s> 1,
C(s) = 1 e
(5) lim -7 if 0<s<l.
T—00 ns 1—s
n<x
Proof

To prove (a), we first let f(¢) = 1/t in Theorem 3.2. Then by (3.3),

L (2}
Za—/17 L

n<x
r 1
zlnx—/ {?dt—i-l—i—O()
1t T

= {t} {4 1

/1 m{t}t—Q dt

/ t=2 dt.
1

It *1 1
v e [ had
s U . 12 T

so the last equation becomes

*° 1
lelnxﬂ—/ {’;}dt+o<).
n 1t T

n<x

x

The improper integral
exists since it is dominated by

Furthermore,

This proves (a) with

B < A{ty 1
’y—l—/l tTdt_xlggc Zn—lnx

n<zx
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To prove (b), we use the same argument with

fz) =277,

where s > 0, s # 1. The Euler-Maclaurin summation implies that

1 ozt 1 < {t}
— = — 1— —dt+ O(z™?).
—nt 1-s 1—s+ 8/1 ts+l1 +0(@™)
Therefore,
1 1.173 L
i 1_S+C’(s)+0(,ﬁ ), (3.4)
n<z
where
1 < {4
C(s):l—l_s—s/l tS‘Hdt'

If s > 1 then the left-hand side of (3.4) approaches ((s) as « approaches co and
both z'~% and 2% approach 0. Hence

C(s) =<(s)
ifs>1.1If0<s <1, then
lim — =0
rx—oo IS
and (3.4) shows that
1 xl=s
C(s) = — —
() Ili)ngo n® 1-—s
n<lx
and this completes the proof of (b). O

EXAMPLE 3.3 We now note that

Sdm =3 1=% ¥ 1

n<w A<z d<z ¢<z/d
-2 3 -2 -2
d<z d<z d<z

= xElnx+C—;O(1/x);: zlnz 4+ O(x).

In the above example, we find that

In general,
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The sum on the left hand side can also be written as

Zu*f(n) = ZF(JC/E)

n<x <z

where

EXAMPLE 3.4 Note that

1= uld) = " u(d) | 7]

n<z dln d<zx
==X AP - T g
d<z d<zx

Therefore,

| LR < [ Tua {3}

d<z d<z

1+ {3}

d<zx
=1+{z}+[z]-1=2z.
Hence,

n<zx

The divisor function and Dirichlet’s hyperbola method

In this section, we will first discuss the hyperbola method and then apply the
method to study the mean value of the divisor function d(n).

THEOREM 3.4 Let f and g be two arithmetic functions with

F(z) = Z f(n), and G(z)= Zg(n)

n<x n<x

For 1 <y < x, we have

S (o)) = S ar (2) + X 6 (£) - F (%) co

n<z n<y m<Z
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Proof
First, we observe that

Y (Fxg)n) =Y fm)g(d).

n<lz md<z

Next, for y < x, we find that

Y fmgd)y= Y flm)g(d)+ Y f(m)g(d)

md<z md<z md<z
d<y d>y
x x
=Y g@F (2)+ > s {e (%) -cw)
d<y 7n<£
=y
O
We now set f = g = u. Then
frxg=uxu=d.
Note that F(x) = [z] = G(x). Let y = \/z. Then by Theorem 3.4,
x
Sdm) =2 Y [X] - valP
n<z n<yx
1
=2 - .
T Z il O(Vx)
n<Va
Using Theorem 3.3 (a), we conclude that
THEOREM 3.5 For all x > 1,
Z d(n)=zlnz + (2y— 1)z + O(Vx),
n<zx
where + is the Euler’s constant.
As a corollary, we deduce that
d(z) ~Inz. (3.5)

In other words, the average order of d(n) is Inn.

Remark 3.2 The error term in Theorem 3.5 can be improved. In 1903 Voronoi
proved that it is O(z'/3log z). In 1928, J.G. van der Corput improved the error
term to O(ac27/82) using the method of exponential sums. In 1988, H. Iwaniec and
C.J. Mozzochi showed that the error term can be taken as O(z7/?2). The best
possible error term is one given recently by M.N. Huxley in 2003, who showed
that the error is O(x31/416(In 1)26947/8320)
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3.6 An application of the hyperbola method

An interesting question one can ask is:

“If two positive integers are randomly chosen, what is the probability that
they are relatively prime?”

To answer this question, we first show the following result:

THEOREM 3.6 Let ¢(n) be the Euler ¢ function. For 2 > 1,

" o) = 25 + 0*).

n<z

Remark 3.8 The above result shows that the average order of p(n) is 3n/m2.

Proof
We recall that ¢ = p* N. Applying Theorem 3.4 with f = N and g = u, we find
that
x x x
S eln)= XN n)= Xt (£) + 30 ¥mi6(%) - F( 2 )t
n<z n<z n<y mS%
where
2
F(z) = N(n) = —
(®) = XN = 5 +00)
and
G(z) =) u(n) = O(x)
n<zx
Therefore,

Z o(n) = ﬂ? +O0(2%?). (3.6)

n<zx n<yx
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We will show in the chapter on Dirichlet series that

(@3 Ay

n2

n=1

This implies that

iﬂ(") _ 6
n2 = w2’

=1

3

since

2

0
2) = —.

="

Given the above identity, we find that
p(n) o~ pn) (n)
n? n2 n2
n<x n=1 n>y/z

I
M8
%%
_l’_
Q
]
3[0‘ —_

Substituting the above into (3.6), we conclude the proof of the theorem. O
Now, let T be a positive integer and
S={(mn)1<m<T,1<n<T}

Then the total number of elements in S such that (m,n) =1 is given by

Mo i=142) Y1

n<T m<T m<T nm
(m,n)=1 (m,n)=1
6 2 3/2
=142 Z:Tgo(m):ﬁT +O(T%?).

This shows that the probability that two randomly chosen positive integers are
relatively prime is

) 2
lim 2] = 6/x2.
A, 72 =6/

Some facts about Riemann-Stieltjes integrals

In this section, we give another proof of Theorem 3.2. Our main reference of
this section is Mathematical Analysis (second edition) by T.M. Apostol (will be
referred to as [MA-Apostol]).
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DEFINITION 3.5 If [a,b] is a compact interval, a set of points
P={a=uxz,21,29,  + ,Tpn_1,T, = b}
satisfying the inequalities
a=20 <1 <Ly < < Tp_1<xp=0>,

is called a partition of [a,b]. The collection of all possible partitions of [a, b] will
be denoted by Pla, b].

DEFINITION 3.6 Let f be defined on [a,b] and let P = {a =
X0, T1, T2, ,Tn—1,T, = b} be a partition of [a,b]. If there exists a positive
number M such that

Z |f(zk) = flar-1)| < M

=1

k
for all partitions P € P[a, b], then f is said to be of bounded variation on [a,b].
DEFINITION 3.7 A partition P’ is said to be finer than P if P C P’.

DEFINITION 3.8 Let P ={a = zo,21,%2, - ,Zn_1,Z, = b} be a partition of
[a,b] and let t; be a point in the subinterval [x;_1,2g]. A sum of the form

S(P, f,a) =Y f(te)(aler) — alwk-1))

k=1

n

is called a Riemann-Stieltjes sum of f with respect to a. We say that f is
Riemann-integrable with respect to « on [a, b], and we write “f € R(«) on [a, b]”
if there exists a number A having the property : For every € > 0, there exists a
partition P. of [a, ] such that for every partition P finer than P, and for every
choice of the points t; € [z_1,zk], we have

IS(P, f, ) — Al <e.

The number A, if exists, is called the Riemann-Stieltjes integral of f with respect
to @ on [a,b]. The number A is denoted by

/a " fda or / " F(t)dat).

We have the following facts:
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THEOREM 3.7 If f is continuous on [a,b] and if « is of bounded variation on
[a,b], then f € R(«) on [a,b)].

THEOREM 3.8 If f € R(«) on [a,b], then o € R(f) on [a,b] and we have
b

b
/jummm+/auwqu@mw—ﬂwmw

For the proofs of Theorems 3.7 and 3.8, see [MA-Apostol, p.159, Theorem
7.27) and [MA-Apostol, p.144, Theorem 7.6] respectively.
We now give another proof of Theorem 3.1.

Second proof of Theorem 3.1
Note that if P is chosen so that [x;_1, 2] contains just one integral point, then

S(P, fra) = f(te)(A(ar) — Alw-1))
k=1

= f(sprually +1]) + - + f(s)a([z]),

where s; = t;, for some k for which [xy_1, )] contains the integer j. Note that
as the length of each interval of the partition P tends to 0, tx — j. Hence, we
conclude that

/wf@MA@)= S fm)an). (3.7)

y<n<z
By Theorem 3.8, we find that

[ swanw + [ awar) = r@A@) - 1AW

and this is precisely Theorem 3.1 by (3.7).

Remark 3.4 Let y =1 in Theorem 3.1. We find that

EIMMNM=AMﬂ@—AmﬂD—KZWHWMt

But
> am)f(n)+AQ) Q)= > a(n)f(n)+a(l)f(1)
=Y a(n)f(n).

n<lx
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Consequently, we have

(3.8)



4.1

Elementary Results on the
Distribution of Primes

Introduction

We first recall the definition of 7(x):

DEFINITION 4.1 For real number = > 0, let 7(z) denote the number of primes
not exceeding x.

The behavior of m(z) as the function of = has been studied by many math-
ematicians ever since the eighteenth century. Inspection of tables of primes led
C.F. Gauss (1792) and A.M. Legendre (1798) to conjecture that

m(x) ~ —— (4.1)

Inz

This conjecture was first proved independently by J. Hadamard and de la Vallée
Poussin in 1896 and is known now as the Prime Number Theorem. We record
the theorem as follows:

THEOREM 4.1 (Prime Number Theorem) Let z be a real positive number and
m(z) be the number of primes less than z. Then
x

Proofs of the Prime Number Theorem are often classified as elementary or
analytic. The proofs of J. Hadamard and de la Vallee Poussin are analytic, using
complex function theory and properties of the Riemann zeta function ((s) (see
Definition 3.3 for the definition of ((s) when s € R and s > 1). Elementary
proofs were discovered around 1949 by A. Selberg and P. Erdés. Their proofs do
not involve ((s) and complex function theory, hence the name “elementary”.

There are other elementary proofs of the prime number theorem since the ap-
pearance of the work of Selberg and Erdos, one of which is due to A. Hildebrand.
The proof given by Hildebrand relies on proving an equivalent statement of the
Prime Number Theorem and the mean value of p(n). In this chapter, we derive
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some basic properties of w(x) and establish several statements equivalent to the

Prime Number Theorem.

4.2 The function ()

We recall the definition of Mangoldt’s function

DEFINITION 4.2 Let n be a positive integer and let

A(n) =

Inp, if nis a prime power
0, otherwise.

EXAMPLE 4.1 We observe that if n = ]_[5:1 p?j then

k
ZA(n) = Zaj Inp; =1Inn.
din j=1
Also,

ZA[%] :ZA*u(n)

n<x n<lz

= Zlnn =zlnz — 2+ O(lnz).

n<x

DEFINITION 4.3 For real number x > 1,

Y(z) = Z A(n) = Z Inp.

n<lzx e Lan

THEOREM 4.2 There exist positive constants c¢; and ¢y such that

ar < P(z) < cox.

Proof
For x > 4, let

SzZlnn—2Zlnn.

n<z n<g



4.2 The function ¢(z) 43

By Theorem 3.2 with f(n) = Inn, we find that

Z]nn:/ lntdt—l—/ {t}%dt—{m}lnz—&—{y}lny
1 1

n<x

=zlnz — 2+ O(lnx). (4.3)
This implies that
S=zln2+ O(lnx).

Therefore, there exists an xzg > 4 such that

<S<uz (4.4)

NN RS

whenever x > xy > 4. Next, since

Inn = Z A(d),
d|n

we find that
S=Y"3 Ad)-2> > AW
n<e dn n<Z dn

- [ 2 v

-] 2 [z 5 a2
Hence,

S=S Ao+ Y AD ][]
<z z<d<z
where
=[] -2[2]. =
Now, for
g d<u,

we have

=t

Therefore, we may simplify the second term on the right-hand side of (4.5) to
obtain

S=> Adba+ Y Ad). (4.6)

<t £<d<z

‘We now observe that 6; = 0 or 1 since

[y] =2[y/2] =0 or 1.
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Using (4.6), we deduce that

S<Y Ad+ Y Ad) =) Ad) =v(x)
d<% 2<d<z d<z
and
S= Y A =) -v(3)-
5 <d<wz

From (4.4) and (4.7),

Wa) 28> 5 (x> )
Therefore,
Y(x) > ez

To obtain a lower bound for ¢ (z), we first deduce from (4.4), (4.8) that
T
— — ] <5<z
@) —v(3)<S<a
Therefore,
¥ () Sx+¢(g), )

§x+§+w(§), x> 2z

X X X X X
§I+§+"‘+27k+’(/}(2kﬁ), W<IOS27'
This implies that
¥(z) < 22+ P(20) < 22

for some positive real number cs.

The functions 0(z) and 7(z)

DEFINITION 4.4 For real number z > 1, let

0(z) = Z Inp.

p<z

THEOREM 4.3 For real number x > 1, we have

0(z) = 9(z) + O(Vz).
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Proof
We first note that the difference of ¢ (z) and 6(z) is

Y(@)—0(x) = Tnp

p" <z

m>2
=D IE TR SRS it
P<VE p<al/t 3<m<ine
m=2

Hence,
b@) - 0() <H(VE) + 3 Inpit

pgxl/s
< Vr+azPnz < Ve,

Inp

where f(x) < g(x) is another notation for f(z) = O(g(z)) (see Definition 3.1).
O

Using Theorems 4.2 and 4.3, we deduce the following corollary.

COROLLARY 4.4 For x > 4, there exist real positive constants ¢; and ¢y such
that

cax < 0(z) < com.

We give a relation between §(z) and 7 (z), where 7(z) is given by Definition
4.1.

THEOREM 4.5 For each positive real z > 4,
C1T CoX

— < < —.
Inx — ) = Inx

Proof
It suffices to prove that

by Theorem 4.3. We observe that
0(x) Inp
S S 1— —£
() Inz Z ( Inz
p<z
1 1

p<z
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If

Inp if nis a prime p,
a(n) = .
0 otherwise,

then by Corollary 4.4,

The last expression in (4.9) is

0(z) (lnlx - lnlx) —/;9(1?) (lnlt - h;) dt

oot Todt
2 tln t 2 In t

/ﬁ dt /z dt
= G
o In“t vz 1In"t

dt
<<\/E+/ x

vilnz T In?z

O

As corollaries of Theorems 4.3 and 4.5, we have the following results. We leave
the details of the proofs of these corollaries to the readers.

COROLLARY 4.6 The Prime Number Theorem
T
7'('(33) ~ m

is equivalent to each of the following relations:

(a) O(z) ~ z, and
(b) P(x) ~ .

Second proof of Chebyshev’s estimate

In this section, we give another proof of Theorem 4.5 that is due to M. Nair (see
Amer. Math. Monthly, 89, no.2, 126-129). Our presentation is a modification of
Tenenbaum’s Section 1.2.

The upper bound in Theorem 4.5 can already be found in Erdds’ proof of
Bertrand’s postulate, a result that states that for any positive integer n > 2,
there exists at least a prime p between n and 2n. It is given as follows:
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LEMMA 4.7 Forn > 2,

Hp<4".

p<n

Proof
Let P(n) denote the statement. It is clear that P(2) and P(3) are true. If m > 1,
then

H p= H p<42m+1 < 42m+2
p<2m+2 p<2m+1

Therefore,
P(2m + 1) implies P(2m + 2).
Suppose n = 2m + 1. Then each prime in the interval [m + 2,2m + 1] is a

2 1
factor of < me ) . This is because primes in the interval do not occur in the
m

denominator of (Qmm—l— 1> (which is m!(m + 1)!).
Since P(m + 1) holds, we find that

o= T oI ws (™)

p<2m+1 m+2<p<2m+1 p<m+1

But,
2 1 2 1 2 1
(1+1)2m+1(m+ >+<m+ )+.”+<m+ )
0 1 m
2m +1 2m +1 2m+1
>9 )
+(m+1)+ +<2m+1>_ ( m )
Therefore,
(2m+1><4m.
m
Hence,
H p§4m.4m+1:42m+1
p<2m~+1
and P(2m + 1) is true. O

Now, let ¢t be an expression in terms of n which will be chosen later. from
Lemma 4.7,

tﬂ(’n)—ﬂ'(t) < H pS4n.

t<p<n
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This yields

(n) < 1114+ () < ln4+t
n n— n— .
T — Int = Int

Choosing t = 1/n, we conclude that

n
<D—
m(n) < Inn

for some positive constant D. This gives the upper bound of Theorem 4.5.
The lower bound is harder to prove and the brilliant proof is due to Nair.

Let d,, = [1,2,3,--- ,n], i.e., d, is the lowest common multiple of the integers
from 1 to n. Note that if j = Hpo‘f’f’, then
P
dn — Hpmax(al,p7a2,p:'” 70¢n,p).
P

This means that if p*#||d,, then p*» = p®*»» for some k, and therefore,
PP < kp
for some k, between 1 and n. In other words,

dy = [[pre(erwereens) < T ky < [[ n=n"". (4.10)
p

p<n p<n

We claim that

LEMMA 4.8 Forn >7,
d, > 2".

Assuming that Lemma 4.8 is true, then from (4.10), we deduce that

which gives the lower bound for Theorem 4.5.
It remains to prove Lemma 4.8.

Proof
We first recall that the beta integral implies that
1
—D!l(n—m)! 1
I(m,n) :/ 1 — )™ = (m = Din = m) = . (4.11)
0

)
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Next, note that

If we replace n by 2n and m by n in (4.12), we deduce that

n

49

(4.12)

(4.13)

Similarly, if we replace n by 2n + 1 and m by n + 1 in (4.12), we deduce that

n+1

2 1
(n+1)< nt ) | dopsr.

Using the identity

2n +1 2n
(n+1) (nJrl) =2n+1) (n>7
we deduce from (4.14) that
2
(2n+1) (:) | d2nt1-

Now,
don|don+1

and therefore, (4.13) implies that

n (2:> | dont1-
Since (n,2n 4+ 1) = 1, we conclude from (4.15) and (4.16) that
n(2n +1) (2”) \don1.
n
Now,
dany1 > n(2n +1) (2:> > n(1+41)%" = p22m > 220+t

if n > 2. Also,

donta > dopgy > 22772

(4.14)

(4.15)

(4.16)
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for n > 4. Therefore,

dy > 2"

if n > 10. The inequality for d, for the remaining cases for 7 < n < 9 can be
checked directly.
O

Merten’s estimates

In this section, we show that there are infinitely many primes by showing that
1

Z — diverges.
p

THEOREM 4.9 (Merten’s estimates) Let 2 be a positive real number greater
than 1. We have

(@) > @ =Inz + O(1),

n<x
) S22 _ g+ o),

psz
(c) Z Ly Inlnz+ A+ O <1> and

Inz /)’

Pz

(d) (Merten’s Theorem) H (1 - 1) = ﬁ (1 +0 (1)>
p) Inz Inz ’

p<z

where A is a constant.

Proof
(a) First, using (4.2), we write

tzfgro iz

Now,
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Hence, we deduce that

1
ﬂ: — (Axu)(n)+ O(1)
n<x n z n<x
== Z Inn + O(1),
n<zx
=lhz+0(1)
(b) We observe that
(n) Inp 1
0< — - — = Inp —
< n ; p Z In o pm
n<e p<a p<vE  2<m<ipe
In
< — <1
p
p<VT
Hence,
|
=P +0(1)
p<z
(c) Let
A(x) = ) a(n)
n<z
where
np .. ..
—, if p is prime
aln)=4¢ p
0, otherwise.

Then, we find that
5" ZW) ()
op = \p /) \In
1
17 / <lnt> dt

_A(m) / At d
~ Inx 5 tln%t

By Theorem 4.9 (b), we find that

A(t) = Int + R(t),

with
R(t) <1, t>2.

51

(4.17)

(4.18)
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Using (4.18) in the last term of (4.17), we deduce that

/ lnt—l—R(t)dt:/' a_ "R
2 2

tln?t tint = Jy tln?t

e t > t
:lnlnx—lnln2—|—/ R(Q) dt—/ R(2) dt
5 tIn“t z tIn“¢

=Inlnz —Inln2+ A" +O <11> . (4.19)
nw

Substituting (4.19) into (4.17), we conclude our proof of (c).
(d) We observe that

SR )

p<z p<z
=3 ()
=+,

p<z p
where

1 1

rp:1n<1—>+

p p
Hence,

() -Zn X5

Pz p<z p<z
1
:—lnlnx+A—|—O<m>—|—er—er. (4.20)
p p>x
Now,
— 1 1
T, = — — =0\, 4.21
= =0(5) 2
since for m > 1 and p > 2,
mp™ > 2™,

Using (4.21) in (4.20), we deduce that
1nH 171 =—Inlhz+ A +0(— |+0 Zi
p - nx p2

1
|
p<z
, 1 1
= —Inlnz+A"+0(— | +0O
In z—1
1

=—lnlnz+ A" +0 () .
In

8

8]

Hence,

In ] (1—2) :—1n1nx+A’+O<lnlx). (4.22)

p<z
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Exponentiating both sides of (4.22), we arrive at

H (1—1) = exp (—lnlnx—i—A/—l—O(l))
e P Inz
A/
I
Inz Inz
A/
“ (1o (iL)).
Inx Inx

since et =1+ O(t). O

EXAMPLE 4.2 Find an asymptotic formula for
> w(n),
n<x

where w(n) is the number of distinct prime divisors of n.

Solution
Rewrite the sum as

Zw(n)zZZl

n<x n<z pln

syl

p<z L<x/p p<z

o3>y

Pz
Inlnz + Az + O(z/Inx),

I
2™
=

8

where we have used (¢) and Chebyshev’s estimate w(z) = O(z/Inz).

Bertrand’s postulate (Erdés’ proof)

In this section, we will use the properties of the functions 0(x) and ¢ (x) to give
a proof of the well-known Bertrand’s Postulate.

THEOREM 4.10 (Bertrand’s Postulate) Let n be an integer. Then for n > 2,
there exists a prime p between n and 2n.

We will need several elementary lemmas.
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LEMMA 4.11 Let r(p) satisfies

p' P < op < pr®@HL (4.23)
Then
2n
(p)
(n) | TI »®.
p<2n
Proof

The number of integers less than n and divisible by m is {ﬁ] Therefore, the
m

number of integers from 1 to n that is exactly a multiple of p? is

b))

Hence, the exponent of p in n! is

(B Gl) =2 (sl - () +o o () [5]) < 5]

where k is such that

pF < n < phtl.

. (2n) .
Therefore the exponent of p is < :) is

{5l

Hence,

(2:) el

LEMMA 4.12 If p > 2 and

then
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Proof

If p satisfies

2n

3 <p<mn,

then p occurs once in the factorization of n!. This is because if 2p < n, then

p_2 3 b,

which is a contradiction to our assumption. Now p occurs twice in (2n)! because

3p > 2n. Therefore,
2n
pT(n>~

Erdés’ proof of Bertrand’s postulate
We are now ready to prove Bertrand’s postulate.

Suppose that Bertrand’s postulate is false. Then there exists a positive integer
n > 1 such that there is no prime p in the interval [n,2n). By Lemma 4.12, all

prime factors of
2n
n

must satisfy p < 2n/3. Let s(p) be the largest prime power of p that divides
(2”) . By Lemma 4.11,
n

H ps(P) _ (2:> | H pr(p).

p<2n/3 p<2n
Therefore, s(p) < r(p) and
p*P) < pr®) < 9p (4.24)
by (4.23). If s(p) > 1, then p*®) > p? and thus,

p<V2n

2
since p*(P) < 2n. In other words, no more than [v/2n] primes occur in ( n) with
n

exponent larger than 1. Now,

(2:>: H ps(p): H ps(p) H ps(p)

p<2n/3 p<2n/3 p<2n/3
s(p)>1 s(p)=1

< I »* I »

p<V2n p<2n/3

< (Qn)[\/ﬁ]gﬂ%/fﬂ’
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by (4.24) and Lemma 4.7.
Next, since

(141" = (2$>+~-~+<2£)+.-.+<§Z) <(2n+1) (2:>

we conclude that

4 < <2n) < ((%)\/%4271/37

which implies that
4"/ < (2n 4+ 1)V

Therefore,

In4
n% < (V2n+1)In(2n +1).

The above inequality is true for only small values of n, for example, n < 469.
This implies that for n > 750, Bertrand’s postulate is true. For n < 750, we
verify directly that Bertrand’s postulate is true by observing that 3 is a prime
between 2 and 4, 5 is a prime between 3 and 6, 7 is a prime between 5 and 10,
13 is a prime between 7 and 14, 23 is a prime between 13 and 26, 43 is a prime
between 23 and 46, 83 is a prime between 43 and 85, 163 is a prime between 83
and 166, 317 is a prime between 163 and 326, 631 is a prime between 317 and
634.

O

The Bertrand Postulate (Ramanujan’s proof)

In this section, we present Ramanujan’s proof of Bertrand’s Postulate.

Ramanujan’s proof was mentioned in an interesting article by P. Erdos titled
“Ramanujan and I”. Erdos’ proof of Theorem 4.10 was published around 1932
and it was Kalmar who asked Erdés to look up on Ramanujan’s proof and that
was the first time Erdos heard about Ramanujan.

By definitions of ¥(z) and 6(z), we observe that

LEMMA 4.13 For each positive real number z,

(x) = 0(x) + 0(V/T) + 0(z) + - . (4.25)

Next, we will show that
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LEMMA 4.14

n(le])) = (@) + 9 (3) +¥(3) +

Proof
The function

where A(n) is the von Mangoldt function.Hence

>0 (5) =3 X A= 3 A

k=1n<% kn<x
E>1
=Y > am =3 [Z]Am)
n<z k<7 n<zx
DHWTE
n<z d|n

where we have used properties of A(n) for the last equality.

We will now establish a few equalities and inequalities.

LEMMA 4.15 For positive real number x, we have
P(z) — 2¢(V) = 0(2) — 0(v2) + (V) —
In[z]! — 21Infz/2]! = P (z) — P (g) 4 (g) _
P(x) — 20 (Vr) < 0(z) < ()

and

v@) v (3

2) < In[z]! — 21n[z/2]!

<utr-0(5) +9(2)

Proof of (4.27)

This follows directly from (4.25). More precisely,

d(x) = 2p(Va) =Y 0(Vx 7229 (%/).

k=1 =

)

57

(4.26)

(4.27)
(4.28)
(4.29)

(4.30)
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Proof of (4.28)

This follows from (4.26), namely,

In[z]! — 21n[z/2]! = iw (%) - Ziw (%) .

k=1 k=1

Proof of (4.29)

Note that 6(z) is increasing. Hence, from (4.27),
U(x) — 2)(Vr) < 0(x).
Also, from (4.25),
P(z) > 0(x).

Proof of (4.30)
This follows immediately from (4.28).

LEMMA 4.16 Let x be a real number. Then
2
In[z]! — 21In[z/2]! > 3% if x > 750,

Infz]! — 2In[z/2]! < %x if x > 3,

2

W(z) — w((g) o (g) > 2z ifa>T50,

and

1/1(x)—1,/}(£) <zx if x > 3.

Proof of (4.31)
For real number z, the Gamma function T'(z) is given by

L (n—1)In*

The function I'(z) satisfies the well-known Stirling’s formula !

12z

1 -
InT'(z) =Inv2r + (a:— 2) Inz —z+ Lk ,0 <9, < 1.

1 See p. 24 of E. Artin’s “The Gamma function”.

(4.31)
(4.32)

(4.33)

(4.34)

(4.35)
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A real-valued function F'(z) defined on an open interval a < x < b is called

convex if for every y € (a,b),

Fx) = F(y)

G(z,y) = pr—y

is a monotonically increasing function of x. It is known that InT'(z) is convex.

The convexity of InT'(z) implies that 2
(InT(x))" >0,
which leads to
I (z)T'(z) > 0.

Since I'(z) is positive for z > 0 (see the definition of I'(x), we deduce that

I (z) > 0.

Observe now that I'(3) > T'(2) and thus, by mean value theorem, there is a
¢ € [2,3] such that TV(¢) > 0. Since I''(xz) > 0 for x > 0, we deduce that
I(z) > 0 for all > ¢. In other words, I'(z) is increasing for z > 3 > ¢ and we

conclude that
1
In[z]! = 2In[z/2]! > InT'(z) — 2InT <2x + 1> .
To prove (4.31), it suffices to show that for z > 750,

2x

1
InT'(z) —2InT | - 1 .
nI'(z) n <2x+ > > 3

By (4.35), we deduce that
1
InT(z) —2InT (296 + 1)

=InVvV27 + (:C;) ln:rfx+ﬁ721n\/27r

122

z 1 T T o
(¥4 ) (f 1) 2(7 1)— :
(2+2)n p tH) et 37+ 6

where both 91,92 belong to the interval (0,1). Since

9 9
24— -2 _>1,
122 32+6

we find from (4.37) that

2 1
lnF(x)—anF(f—i—l)>—1n\/27r—|—1+x1n T ) - Zhr-In
2 2+ 2

2 See p. 4 of E. Artin’s “The Gamma Function”.

142

(4.36)

(4.37)

)
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Using the fact that —Inv27 +1 >0, —=1/2 > —1 and that for = > 2,

—In (:L‘ (1 + g)) > —1Ina?,

we find that

2
InT(z) — 2InT (g + 1) > zln (xf2> 2.

It suffices to show that for x > 750,

2z 2x
zln <x+2> —2lnx > 3

But if we let

f(z) =In2z —In(xz + 2) — 21n—x,
x

then
1 1 2 Inx
/ —_—— —— — . —
f(x)ia: r+2  x2 2
But
1 1
- — >0
r x+2
and
Inx 2

if > 3. Hence if > 3, then f’(z) > 0. Therefore, f(z) is increasing. In other

words, if z > 750, then

f(x) > f(750) = 0.672--- >

[SCI )

and the proof of (4.36) is complete.
Proof of (4.32)

The proof is similar to that for (4.31). We use the inequality

1 1
In[z]! = 2In[z/2)! <InT(z +1) —2InT (2x + 2>
and Stirling’s formula to conclude that (why?)
Infz]! — 21Infz/2)! < Zx

for all z > 3.

Proof of (4.33) and (4.34)

These two inequalities follow immediately from (4.30)-(4.32).
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LEMMA 4.17 For each positive real number z, we have

P(z) < gac ifx >3 (4.38)
v@) =9 (5)+¥(3) 0@ +20(2) -0 (5) +v (5)
<0(z)— 0 (g) +5 433 (4.39)

Proof of (4.38)

To prove (4.38), we use (4.34) repeatedly, with x replaced by z/2, x/4,--- and
add up the results. We find that

w(x)gix(l+;+~--) <g;1:.

Proof of (4.39).
From (4.29), we find that
() — 2¢(Va) < 0(x).
Hence
P(x) < 0(z) + 20 (Vo).
Next, from (4.29),
0(x/2) < ¥(z/2).
Using the above inequalities, we deduce that
U(@) = (x/2) +(2/3) < 0(x) + 2¢(Ve) = 0(x/2) + ¥ (z/3).
For the second inequality, we use (4.38) to deduce that
29(Vr) +1(x/3) < 3Vw + x/2.
We are now ready to prove Bertrand’s Postulate. By (4.33),
9(w) ~$(a/2) + (/3 > 2
for > 750. Hence we deduce from (4.39) that
0(z) —0(x/2) > 2x/3 —x/2 — 3z >0

whenever x > 750. This implies that for n > 375, there is a prime between n
and 2n.

We are now left with verifying that Bertrand’s Postulate is true for 2 < n <
375. This is straightforward and we leave it as an exercise.
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The Prime Number Theorem

The Prime Number Theorem

In Chapter 4, Corollary 4.6, we proved that the Prime Number Theorem is
equivalent to the statement

Y(x) ~ . (5.1)

In this chapter, we will prove the following theorem.

THEOREM 5.1 For positive real number z, we have
P(z) =z + 0O (a: exp(—c VIn x)) ,

where ¢ > 0 is some constant independent of x.

We note that (5.1) follows immediately from Theorem 5.1.

Theorem 5.1, which was mentioned on page 169 of Gérald Tenenbaum’s book
“Introduction to Analytic and Probabilistic Number Theory”, is weaker than the
result obtained independently by J. Hadamard and de la Valleé Poussin, which
states that

Y(x)=2+0 (:E exp(fcvlnx)) .
But the treatment here (adapted from A. Hildebrand’s 1991 “Analytic Number

Theory” notes ) allows us to appreciate the analytic method used in the proofs
of the Prime Number Theorem with less technicalities.

The Riemann zeta function

In Chapter 3, Definition 3.3, we have encountered the Riemann zeta function
for real s > 1. We now give the definition of the function when s is a complex
number.
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DEFINITION 5.1 Let s=0 +it € C and ¢ > 1. Define

=1
(s)=) —.
n=1 e

THEOREM 5.2 The Riemann zeta function ((s) is an analytic function for
o> 1.

Proof
Note that if o > 1+ 6, then
M M M
1 1 1
Z ns i Z no = P
n=m n=m n=m

Now, for every € > 0, there exists N, > 0 such that

M

1
Zw<€

n=m
for M > m > N.. Hence, we conclude that

M

>

n=m

1

ns

<€

for M > m > N.. Therefore, by the Weierstrass M-test, the series

oo

1

ns
n=1

is absolutely and uniformly convergent in any region o > 14§, with § > 0. The
Riemann zeta function ((s) is therefore an analytic function in o > 1. O

Euler’s product and the product representation of ((s)

THEOREM 5.3 For o > 1,
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The above follows immediately from the next theorem.

DEFINITION 5.2 An infinite product

oo

H(l—i—an)

n=1

is said to be absolutely convergent if

iln(l + ay)
n=1

is absolutely convergent.

THEOREM 5.4 Let f be a multiplicative arithmetical function such that the
series

> fn)

is absolutely convergent. Then the sum of the series can be expressed as an
absolutely convergent infinite product, namely,

dSof)=T[0+f@) + @) +--), (52)

n=1 D

extended over all primes.

The product above is called the Euler product of the series.

Proof
Consider the finite product

P(x)= [+ @) + e +-)

extended over all primes p < z. Since this is a product of a finite number of
absolutely convergent series we can multiply the series and rearrange the terms
without altering the sum. A typical term is of the form

[Tre™ =t <Hpa> :
P P
since f is multiplicative. By the fundamental theorem of arithmetic we can write

P(z) =" f(n)

neA
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where A consists of those n having all their prime factors less than or equal to
x. Therefore,

D fn) = P(x) =" f(n)
n=1 neB

where B is the set of n having at least one prime factor greater than x. Therefore,

D) =P@)| <> 1) <Y If(n)

neB n>x

Since
o0

> 1)

n=1

Jim Y| f(n)| =

n>r

is convergent,

Hence,
S P@) =) I

We have proved that the infinite product is convergent. We now establish the
absolute convergence of the infinite product. A necessary and sufficient condition
for the absolute convergence of the product

H(l + an)

n

is the convergence of the series
E |an|-
n

In this case, we have
Do)+ f0P) + 1< U@+ 1 Z |f(n
p<z p<z

Since the partial sums are bounded, the series of positive terms

> 1) )+ F@0) + |

p<z
converges, and this implies absolute convergence of the product (5.2). O

Applying Theorem 5.4 with

we obtain Theorem 5.3.
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Analytic continuation of ((s) to o > 0

THEOREM 5.5 The Riemann zeta function ((s) can be extended to a function
that is analytic in o > 0, except at s = 1, where it has a simple pole with residue
1.

Proof
Recall from Theorem 3.2 that

S f(n) = £(1) + / " f(t)dt + / " Pty — {2} ().

n<lz
With s real,
1
xr=NeN and f(n)=—,
nS
we have
- 1 Ny N s{n}
Z =1+ . w1 4
= 1M 17

By analytic continuation, the above identity is also valid for complex numbers
s =0 + it with o > 1.
Now, assume o > 1. Then

N

1
Am > o5 =),

N o)
d d 1
lim a_ / 777 =
1

Nooo J1 1 n®  s—1
and
N 00
: {n} {n}
1 ——dn = —=—dn =: P(s).
dm = [ =)
Therefore,

C(s)=1+ % —s®(s),0 > 1.

5 —
But, ®(s) is analytic for o > 0. Define, for o > 0, the extension of {(s) by
1+ ! O

Note that this function has a pole at s = 1.
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Figure 5.1 The shaded regions indicate the regions for which (5.4) and (5.5) hold.

To continue ((s) to o > —1, we write

oo [T =12,

This yields

o —-1/2 1
C(S):ﬁ—s/l {n};fﬂ/dn—j

Incidently, this implies that ¢(0) = —1/2.

Upper bounds for |((s)| and |('(s)| near o = 1

THEOREM 5.6 Let A be a positive real number. If

1 A
[t}>2 and o>max|-,1—— |,
2 In ]

then there are positive constants M and M’ (depending on A) such that

¢(s)] < M In [¢]
IC'(s)] < M"In? .

Proof

67

(5.3)
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We recall that

N N N
1 d
I - =T
nzln 1 X 1 X
! * {z}
:1+ﬁ_8¢)(8)+3\/]\] xs+1d.r
N (g
:C(S)+ 1—s +S/N strldx'

The above identity holds for o > 0, where now,

C(s) =1+ i —s®(s),0 >0,

with

D(s) = /100 7;{&2_}1 dn.

Now,

N
1 Ni-°c > dx
K(SNSZF—FH—HS'/N Py

ne || oN°o’

Assume that s is in the region specified by (5.3) and let N = [|¢|]. Then

Aln N

lea < L

} < exp(4).

This implies that

O N G 5
ne 2 o(|t|/2)

<l
1 afl 2 2
<Y = Sr 2.
- Z n"Jre (2+|t|+0)
n<|t]
Since o > 1/2 and [¢| > 2, we find that
L + 2 + 2 <6
2 |t o '

This shows that (5.6) may be written as

NOIED SR =)

n<|t|

(5.6)
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Foro > 1,
1 1
— < = In [¢t] + O(1). (5.8)

n<|t] n<|t]

IN

For

1 1 A <o<1
max | o, ™ o ,

and n < N, we find that

1 ed
= S 7n17c7 S lea S

" .

3

q
3
SR

Hence,

IA

ety %: e (In|t| +u(t)), (5.9)

n<lt|

1
2 o7
n<lt)

where u(t) = O(1).
Combining (5.8) and (5.9), we conclude that if s is in the region specified by
(5.3), then

[C(s)] < M nft],

where M is a positive constant depending on A. This proves (5.4).
We now prove (5.5). Differentiating the expression

5 — i_Nl_S_S [e s} {t}
C(s) = /N dt

ns 1l-—s ts+1 77
n<N

we deduce that

Inn N!¢InN  Nl-° > 1 > Int
! < —_ —dt —dt
OIS T o it wedt b [ e

Let N = [|t|], then from the above inequality, we find that

1 etlnlt e? 1 > Int
e <mle] 3 L+ 4 o) /
ngz[:tu ne  |1—s| |1—=s|2 olt|° N tot!

Inft] 1 ¢t In |¢] 1
§1n2t|+C’1n|t|+eA(+>+ + o+t | —ms + 52 )
it Jef? alt| alltl]e o[t}

which leads to
I¢'(s)] < M'In? 1],

after similar estimates as in the first case. O
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The non-vanishing of ((1 + it)

THEOREM 5.7 For real number ¢ # 0,

C(1+it) # 0.

We first prove several simple lemmas.

LEMMA 5.8 For all # € R,

3 +4cosb + cos20 > 0.

Proof
The inequality follows immediately from the following computations:

3+4cos+2cos0 —1=2cos>0 +4cosl + 2

=2(cos? 0 +2cosf + 1)
=2(cosf +1)? > 0.

LEMMA 5.9 Foro > 1,

C(s) = eG(S)7
where
=1
G(s) = .
W-T3
Proof

Using the Euler product representation of {(s), we find that

(1)
)

= exp (— Zln 13
exp <Z Z m;5m> = exp(G(s)).

¢(s)

1-—

7N

p
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O
LEMMA 5.10 For o >1,and allt € R,
C(@)PI¢(o +it)[*|¢ (o + 2it)] > 1.
Proof
By Lemma 5.9, we have for o > 1,
e (DX 1)
p m=1
1
= R - 1
exp (%:mz_:l - exp {—( np)ms}>
1
= — —molnp — itm1
exp (;n;mexp{ molnp — itm np}) ,
since s = o + it. Hence,
— 1
s) = exp (Z Z — ) — zsm(tmlnp)}) .
mp
p m=
Therefore,
> 1
= (Z Z — —— o8 tmlnp))
mp
p m=
This implies that
[C@)PI¢(o +it)[*|¢(o + 2it)|
= exp (Z (tm1np) + cos(2tm lnp))>
P m= 1
> exp(0) = 1.
O

Proof of Theorem 5.7.

Suppose ((1 + itg) = 0 for some ¢y # 0. By Lemma 5.10, we deduce that for
o>1,

C(o +ito) |*

C(o) o -1 |22

[¢(o + 2itg)||lc — 1| > 1 (5.10)

Now, since ((o) has a simple pole with residue 1 at ¢ = 1, we find that
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lim ¢(o)(c —1)=1.

o—1+

Next,

C(o +itg) = C(1 +itg) + (0 — 1)¢' (1 +itg) + O((o — 1)?).

This implies that
§(0 + ito)

1im
o—1+ o—1

= ('(1 +ito).

It is clear that
C(o + 2itg) — (1 + 2itp).

(5.11)

(5.12)

(5.13)

Combining (5.11)—(5.13), we find that when o approaches 1 from the right, 0 > 1,

which is clearly impossible. Hence, we conclude that

C(1+it) #£0

for all nonzero real ¢.

A lower bound for |((s)| near o = 1

THEOREM 5.11 For |¢| > 2, there exist positive constants ¢ and d such that for

c
>1—- —
77T
we have
d
i) > ———.
o +i8)] 2 g
Proof
For o > 2,
1 =1
= —l>1= —
= 21| -
n=1 n=2
=1 2 1
>1— -9 >z
1-> 5 =2- >
n=2
Therefore, for o > 2,
d
>
€6 = e
provided that
In" (2
d< n'(2) and [t| > 2.

(5.14)
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For 6 > 0, let
140 <o It > 2
(Inft)® = =7 0
By Lemma 5.10, we find that
(o +it)] > 1
o+i .
~ [C(@)3/4I¢ (o + 2at) /4
Now, if 0 < 2,
=1 1 1
(= e <1t [ =1t
2
< _Z
“o—-1
2
< S(m i)y,
since
0
>14 ——.
7T e
Suppose
In® 2
§< — 2
< 2
Then for [t| > 2, we have
1
In|t| In2

and therefore,

In® 2 11n2

b 1 _
21n® [t|Int| ~ 2nl¢’

In” [¢]

<

In other words, if ¢ satisfies (5.16) and

0

oc>1— ———
In? [¢]’
we must have
1 11In2
o -
2 1n |¢|

73

(5.15)

(5.16)

(5.17)

By Theorem 5.6 with A = %ln 2, we can find a constant M > 0 %ln 2, such

that

[((o +2it)] < 2M In|t].

(5.18)
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Hence, by (5.18) and (5.15), we conclude that

( 5 )3/4 ( 1 )1/4
21n° |¢| 2M In|t|

§3/4 d
7 Z 7 )
2MY/4AIn" t| — In” ¢

C(o +it)]

for
d< ——. (5.19)
Next, consider

it > 2. (5.20)

If

then we observe from (5.20) that

26
‘O’ — O'0| <

— 5.21
~ In? |t (5.21)

We next show that (o +it) is close to ((og + it).

[¢(o +it) — (oo +it)| =

/UO ¢ (u +it)du

< lo —oof max |¢'(u+it)l.

Now, by Theorem 5.6, there exists an M’ > 0 such that
¢ (u+it)] < M'In? ¢,

for
1In2

luf >0>1— -——
21n ¢

and |t| > 2.

Therefore,
. ) 20 ,
C(o +it) — ({00 + it)] < —2 A,
In’ |t]
where we have used (5.21) in the final inequality. M’ is independent of ¢ provided

1) 1In2
9 S 51 9
In” |¢| n [t

It > 2.

This will be satisfied if
1
5 < 3 In’ 2.
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Hence,

|C(a +it)] > |((o0 +it)| — |C(o +it) — ((o0 +it)|
§3/4 20
> _
T 9M/4nT |t] In” |t]

§3/4 1
= (—— —254M" ).
1117 |t‘ <2M1/4

We now choose a real positive number § = §; be such that

1 1/4

Now, letting
1
0 < ¢ < min (2 1n9(2),51>

and

7 3/4
0 < d < min (53/4 ( LI 25%/4M’) : In'(2) & ) 7

2M1/4 4 T 2M1/M4
we conclude that for [t| > 2 and 0 > 1 — 1976|t|7
n
o+1it)| > .
|<( )| = 1117 |t|

Perron’s Formula

75

THEOREM 5.12 Let 2 be a half integer. Then for any b € [1,3] and any T > 1,

1 L N xb In?
=50 [, (e0T) ro(mpmg )

We first begin with several lemmas.

LEMMA 5.13 For o > 1,
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Proof
The proof is immediate using the formula

A=pxln

and the fact that

LEMMA 5.14 For o > 1,

¢ 1
= — +1
§ (s)| < oc—1 +
Proof
For o > 1,
S|« A = [T a2
C a n=1 ne 1 n<t 770+1
< 0/ 021 dn, by Theorem 4.2,
1
= 1 .
o1 <t o—1

LEMMA 5.15 For b> 0,7 > 1, and y > 0, y # 1, we have

b
y :
p 1+O< ) ify>1
LTy T|lny|
o Sy 5 b
- oY if 0 1
(T|1ny|) s

Proof
We will only prove the result when y > 1. By the Residue Theorem,

S

S 3 1
27 Jy_ir S 2w Jp, $ = 2wt Jp, s
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Thus, it suffices to show that with —a large enough,

b

y° Y
—ds| € ——,
/rj s T|Iny|
with j =1,2,3.
On FQ,
VIV e
s | s
if @ < —1. This implies that
S
/ y—ds < y*2T.
Ly, §

Letting a approaches —oo, we conclude that the above integral is 0.

On I'y and T3,
s o
ClEEs T
since
|s| > |T.

Hence, for j =1 or 3,

s b, o b b

Y Yy 1 1 y

Zds| < | Zodo < — ohnyg .
/FJ s */a T ”*T/,oce 7 Ty

For the case 0 < y < 1, we will leave it as exercise for the reader.

Proof of Theorem 5.12.

Let
1 b+iT C/ 9
I =— —= —
2mi Jy_ir ( C( )) o

By Lemmas 5.13 and 5.15, we find that
1 b+iT ©°° A(TL) 5

I=—
21 Jy_ir ns s

7

(5.22)
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Let
— A(n)
R= _
; nb|In Z|

Then

A(n) A(n)

b
2<n<2x n ‘ In n nég[Z,2z]
2 =""= 2

Note that if n > 2z or n < /2 then |In(z/n)| > In2. Furthermore, since
1 < b <3, by Lemmas 5.13 and 5.14,

1 < An) 1 1 2 1
< 1 < )
2*11127; P e T T T

Now, if
1
—— <t 1
g =<
then
It]
|1n(1—|—t)|2?

and we deduce that

= |m2 :’ln<1+H)‘>> i (5.23)
n x x x
Furthermore, since
A(n) <Inz (5.24)
and
1 20
i (5.25)
for /2 < n. Using (5.23)—(5.25), with the observations that
26 <23 and |n| < |z,
we find that
A(n) Inz x
Ry = —_— L — . 5.26
1 Z nb|1n£|<< b Z z—n (5.26)
5<n<2z n 5 <n<2z
Since x is a half integer, the denominator in the sum
> o
x—n
5 <n<2z
is nonzero and we find that
x
‘ <L zlnz. (5.27)
r—n
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Substituting (5.27) into (5.26), we conclude that

In?z

x.
b

R <

Hence, the error term for I, given by (5.22), is

ab In?z
O(T(b—1)+x T )

Completion of the proof of the Prime Number Theorem

In this section, we can finally complete the proof of the prime number theorem.

Proof
Step 1.
Application of Perron’s Formula:
Let
1 1
T>1l, z=N+=->2 and b=1+—.
2 Inz
Then
1 T s zln’z
= — —= —ds+ O .
v(@) 2mi ~/b—iT ( ¢ (8)> & o < T )
Step 2.

Shifting of path of integration:
Choose a sufficiently close to 1 so that

¢(s) #0
for all ¢ > a, |t| < T. We note that the integrand

C/ 1:8
*Z(S)?
is analytic in the region enclosed by the old and new paths with an exception of
a pole at s = 1, with residue z. By the Residue Theorem,

1 b+-iT C/ S 3 1 C/ x5
i <_<(S)) —ds=ax+ > i )y, (—C(s)> —ds.

b—iT =

Step 3.
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/ S
Estimation of/ (—C(s)> T ds:
r; ¢ s
Let

C/
13
The number B depends on T and will be estimated in Step 4.

Now, for T" > 2,
C/ :L..S
[ (o) S

B= ().

max
s€l',I'2,I'3

a+11T
caop [ 10
a

—ir sl
T
= 2;10“3/ dt_
o |a+it|
< Bx*InT. (5.28)

The last inequality follows from the fact that for T > 2,

T T 1
/ LS/ ﬂ—l—/ﬂglnT—&—Q«lnT.
o |a+it| 1t 0 a

We will now estimate the integral on I's. The estimate of the integral on I'y is
similar. Since

1
b=1+—,
Inx
we find that
C/ )st ’ B/b
—>(s) ) —ds| < = 2do
L (Cw)Tal<7
Baxb Bx
—_— —_— .2
< <5 (5.29)

We therefore conclude from (5.28) and (5.29) that

Bx

b(z)=2+0 (T) +O0(Bz*InT) + O <5”1;2‘"”> .

‘We note that the above holds for T' > 2 and a suitable choice of a.
Step 4.

Choice of a and estimation of B:
For |t] < 2, we note that {(s) # 0 for s = 1 + it. Therefore, there exists a 6 > 0
such that for [t| <2 and 0 > 1 -9,

¢(s) 1
¢(s) o-1
is analytic and bounded there. This implies that
!
1
%(s) <7< T (5.30)
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A
ifo=1-——.
In"T
Suppose 2 < [t| < T. Then by Theorems 5.6 and 5.7, there exist ¢ and d such
that

d
[¢(s)] = —— and |¢(s)] < In® [¢]
In |¢|
in the region
oc>1-— gi.
In” |¢|
Note that we must choose ¢ so that
c< 2. (5.31)

The additional condition imposed on ¢ is necessary for the validity of (5.30).
Next, with 2 < [¢] < T, and

B c
T
we conclude that
!
> (s)| < In’T.
¢
Together with (5.30), we find that
!/
B = max C—(s) < InT.
s€l,T2,Ts | ¢

Therefore,

9 2
W(z) =2+ 0 (xlnTT) Lo <xl; x)

Inx
+0(2m0Te < ))
<xn Xp ClngT

Now the first two error terms can be bounded by

In''
O(x T )

Hence
In'%z 10 Inz
=z+0 +O0(zn"T —c—— ] |.
Y(x) == (a: T ) (J: n Texp < ClngT)>
Step 5.
Choice of T

Assume 2 < T < z. The expression in the error term is minimal if

1 { clnx}
— = exXpq ——— .
T P n®T
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Therefore,

T = exp{cé/lo In'/10 x}.

With the choice of T', we have for sufficiently large x > z¢, 2 < T < z,

10
w(x)zx—i—O(x In 2 >

exp(c1/10 Int/10 z)

Since for any € > 0,
In'’z <« exp (e Int/10 z) ,
we conclude that
Y(x) =z + O(zexp(—c In'/10 z))
with a suitable choice of ¢ > 0. For 2 < z < zg, we have
() = z + Oz exp(—c' In/10 z)).

This completes the proof of the Prime Number Theorem. O

Prime Number Theorem without error term

In this section, we present J. Korevaar’s proof of the Prime Number Theorem.
His proof is a modification of D.J. Newman’s proof. The section is adapted from
Chapter 7 of “Complex Analysis” by R.B. Ash and W.P. Novinger.

THEOREM 5.16 (Auxiliary Tauberian Theorem) Let F' be bounded and piece-
wise continuous on [0, c0) so that

G(z) = /OOO F(t)e * dt

exists and is analytic on Rez > 0.
Assume that G has an analytic continuation to a neighborhood of the imagi-

oo
nary axis Re z = 0. Then / F(t) dt exists as an improper integral and is equal
0
to G(0).

A corollary of Theorem 5.16 is

COROLLARY 5.17 Let f be a non-negative, piecewise continuous and non-
decreasing function on [0, c0) such that

f(z) = O(x).
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Then its Mellin’s transform
9(z) = z/ f(x)z™* dx
1

exists for Rez > 1 and defines an analytic function g. Assume that for some

constant ¢, the function
c

9() =~ ——3

has an analytic continuation to a neighborhood of the line Re z = 1. Then

lim M:

T—o0 I

Before we prove the main theorem and the corollary, we first deduce Prime
Number Theorem from Corollary 5.17. Let f(x) = x in the corollary. By Chebyschev’s

Theorem,
¥(z) = O(x)
Note that
= —am ¢(2)
gz:z/ P(x)e " de = — .
B=z ) v )
The function
1
9() = -3
is analytic on Re z = 1. Therefore, by Corollary 5.17,
P(z) ~

and Prime Number Theorem is true.
We now prove Corollary 5.17 using Theorem 5.16.

Proof of Corollary 5.17
Let F(t) = e ' f(e') — c. Note that f(z) = O(x) implies that F(z) is bounded.
Consider the integral

Glz) = /O Tletf(el) — e dt.

Set z = e!. Then

G(z):/loo (M—c>x_2_1da::g(z+1)—cz ! (g(z+1)—g—c>.

x z+1 z z+1
From the hypothesis, G(z) has an analytic continuation to a neighborhood of
the line Re z = 0. Therefore, /00 F(t) dt exists and converges to G(0). In terms
of f, this implies that °

/Ooo(etf(et) —c)dt
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exists, or
i d
/ (f(fff) _ C) dx
1 X X
exists.
We need to show that
lim —f(x) =
T—r00 €T
Suppose that
TTEACL
T

Then there exists a § > 0 such that ¢+ 26 is not an upper bound of f(z)/x. This
implies that

fy)
T > (c+20)

. + 26
for some positive real number y. Let p = ¢ 5 > 1. Then for y < x < py,
c

(c+ )z < (c+20)y < fly) < f(x).

Py rY
/ (Jc(t)—c>dt2/ §dt:§1n(c+26).
, \t t = J, t c+d

This implies that

Here,

is not convergent. Therefore,

[TEACI
T
Similarly,
i 2 >
T
and we must have
@)
r—o00 I

We now prove Theorem 5.16.

Proof of Theorem 5.16
Since F' is bounded, |F| < M. By replacing F with F//M, we may assume that

[F(t)] <1
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for t > 0. For 0 < A\ < 00, define

We want to show that
lim G, (0) = G(0).

A—o0

Consider the following contour:

Denote the contour on the right of y-axis by VE and the contour on the left by
V- Denote the union of the contour by yr. We suppose the straight line on
the left is given by x = —§(R) with 6(R) > 0. Note that by Cauchy’s integral
formula

G(0) — G (0) = % /m (G(2) — Gr(2)) (i + };) dz.

Ifz e 'y;g, then
1,2 _yRez
z R? R?

Furthermore, since |F| < 1,

o] 00 -z
GG -Gl = [ Pleat < [ eriar =
A A €z
This implies that
1 z 2
Az
() -G (L4 0 )| < 2
Therefore,
1 w1l oz 1
7 _ z (- =2 < =
57 /y; (G(z) — Ga(2))e (z + R2> dz| < 7

and the integral tends to 0 as R tends to oco.
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Next, on 75, we have

1/% (G(2) — Gr(2)) (i + };) dz| <

211 -

1 ! z
— 2 T B
57 /WR G(z)e (z + RQ) z

1 ! Z
— - l-+—=1d
5 i/%; Gi(z)e (z 2) z

< Ii(R) + I2(R).

+

For I3(R), the function G (z) is entire and so we may replace v by the semi-
circle from ¢R to —iR and deduce that
1
I(R) < =

which tends to 0 as R tends to co.

For I, (R), we splits the contour 5 into two parts. Suppose the purple vertical
line in the diagram is given by Rez = —d1,0; > 0. Then if |G(2)| < M(R) for
z € Yg, then

1 1 1 1 1 1 01

L(R) < ZM(R)e™ | ——+ = |R+=-M(R) | == + = |sin™! =

1) < 5 M(B)e (5(R)+R> Ml )<5(R)+R>bm R
where the first estimate is from the contour to the left of Rez = —d; and the
second estimate is from the contour to the right of Rez = —4§;. For the first
estimate, we find that it tends to 0 as A tends to co. For the second estimate,
we see that it tends to 0 as §; tends to 0. This completes the proof the theorem.
O
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Dirichlet Series

Absolute convergence of a Dirichlet series

DEFINITION 6.1 A Dirichlet series is a series of the form

SO o,
n=1

n

where f(n) is an arithmetical function.

Note that if o > a then [n®| > n®. Therefore,

)| 1wl

n(].

n S

Therefore, if a Dirichlet series converges absolutely for s = a + ib, then by the
comparison test, it also converges absolutely for all s with ¢ > a. This observation
implies the following theorem.

THEOREM 6.1 Suppose the series
oo
n=1

does not converge for all s or diverge for all s. Then there exists a real number
o, called the abscissa of absolute convergence, such that the series

Z:l fr(;b)

converges absolutely if o > o, but does not converge absolutely if o < o,.

f(n)

n

Proof
Let D be the set of all reals o such that
i f(n)
nS

n=1
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diverges. Then D is not empty because the series does not converge for all s. The
set D is bounded above since the series does not diverge for all s. Therefore, D
has a least upper bound which we call .. If 0 < g, then we claim that

Z:l IfT(Lfgl)\

diverges. For otherwise,

Z_:l|7(w)

converges implies

converges for all Re s > ¢. Hence, ¢ is an upper bound for D and since o < oy,
04 is not a least upper bound for D.

If 0 > o4, then 0 € D since o, is an upper bound for D and the Dirichlet
series converges absolutely. This proves the theorem. O

The Uniqueness Theorem

THEOREM 6.2 Let
— f(n)
F(s)=)_ =3

n=1

be absolutely convergent for o > og. If F(s) = G(
sequence {si} such that o — 0o as k — oo, then f(n) = g(n) for every n.

and G(s) = i 97(;1)

s) for each s in an infinite

Proof
Let h(n) = f(n) —g(n) and let H(s) = F(s) —G(s). Then H(sy) = 0 for each k.
To prove that h(n) = 0 for all n we assume that h(n) # 0 for some n and obtain
a contradiction.

Let N be the smallest integer n for which

h(n) # 0. (6.1)
Then
(s =y MM s b
n=N n=N+1
Hence,
h(N) = N*H(s) — N* i hi”)
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Putting s = sy, we have H(s,) = 0, and hence

e <= h(n
h(N) = —N* > n(Sk).
n=N+1

Choose k so that o, > ¢ where ¢ > 0,. Now, note that

o N +1 ne’

nak nakfc nC -

Nk B Nok—¢c N¢ < ( N ><7k—0 N¢

Then

(ok—c) 0o or—c
N e |h(n)| N
< - =
IR(N)] = (N+1) Ne Y ne N+1 A

n=N+1

where A is independent of k. Letting k — oo, we find that

N Tk
<N+1> — 0.

Hence, h(N) = 0, a contradiction to (6.1). Consequently, h(n) = 0 for all positive
integers n.
O

The above result is very useful. For example let f(n) be a completely multi-
plicative function. Suppose

F(s) = > 1

n

and

o=y L
n=1

n

are absolutely convergent for o > oy. Then we know that

6l = 1/p(s) = I (1- 12 = 32 1),

p

By Theorem 6.2, this shows that

F7Hn) = p(n) f(n).

6.3 Multiplication of Dirichlet series

The next theorem relates products of Dirichlet series with the Dirichlet convo-
lution of their coefficients.
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THEOREM 6.3 Given two functions F(s) and G(s) represented by Dirichlet

series
i f(n)
n=1 n’

F(s) for o > a,

and

G(s) = i 9(n) for o > 0.

ns

Then in the half plane where both series converge absolutely, we have

F(5)G(s) =Y f*Tg(”)
n=1

If

F(s)G(s)= > O‘(f)

n

for all s in a sequence {sx} such that o — 0o as k — oo then a = f x g.

Proof
For any s for which both series converge absolutely, we have

Fs)G(s) = 3 3 Lmatm) ((fo)m)

Because of absolutely convergence, we can multiply these series together and
arrange the terms in any way we please without altering the sum. Collect together
those terms for which mn is constant, say mn = k. The possible values of k are
1,2,---, hence,

. (Z f(n)g(m)> N
F(s)G(s) = ) ~m=F— =2 h,i'f)
k=1

k=1

where

h(k) =Y fn)g(m) = f = g(k).

mn=~k

This proves the first assertion. The second assertion follows from Theorem 6.2.
O
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Conditional convergence of Dirichlet series

THEOREM 6.4 For every Dirichlet series, there exists o, € [—00, o0] such that
the series converges (conditionally) for any s with ¢ > o, and diverges for any s
with o < o.. Moreover,

0c < 0q <o+ 1.

Proof
We will show that if

converges for s = s1, then it also converges for every s with ¢ > o5.
Since

converges at s = s1, we conclude that there exists a positive integer Ny such
that

EEE
y<n<z

for all integers = > y > Ny. Now, let s with ¢ > o7 be given and let z > y > Nj.
Let € > 0 be given. Then

y<n<z y<n<z
f(n) . _ _ _
— § ( )1‘51 s _ 91 s t@] 5— 1(81 _ S)dt
nsl 81 nsl
y<n<z Y y<n<t
Therefore,

S

Z f(n) §2y0'170'+/ ‘5175|t017071dt
Yy

y<n<z

< 9y710 <1 sl 5') (6.2)

o — 01

<€
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provided that

51 — s|> o=

2(1+
g — 01
>

v= €

We have therefore shown that for any € > 0 and a fixed s with o > o7,

whenever

r >y > max | Ny, 2(

This shows the convergence of the Dirichlet series at s.
Now, let

O¢ 1= sup {Re 8| Z fr(:) diverges} . (6.3)
n=1

If 0 > o0, then by previous argument, we conclude that F(s) is convergent
whenever 0 = o, + 9, 6 > 0. Therefore, we conclude that o, > o..
It remains to show that o, < o, + 1. We first show that if

Oofn

is convergent at s = s1 then it is absolutely convergent at any s with o > o7 + 1.
The series

i f(n)

nst
n=1

is convergent implies that f(n)n=°* — 0 as n — oo, or

f(n)

ns1

<C

for all n € N and some positive constant C. Given s with o > o1 + 1,

Jo)|_[fm| 1 _ C

nS nsl nofo'l - nofo'l

)

with 0 — 07 > 1. Therefore, for any positive integer m,

" fm)| SN C
2| | S X

n=1
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Since 0 — o1 > 1, the series

[e%S)

1
2
n=1

converges. By comparison test, we conclude that
i f(n)
n=1 n’

is absolutely convergent.
Now, we have shown that if

(n)

WE

nS
n=1
— f(n)
is convergent at s; = o1 + it, then Z — is aboslutely convergent whenever
n
n=1
oc>o01+ 1.
Therefore,
o1+1>o0,.
Now,
o1 =0,+90
for any positive § and hence,
o.+12>0,.
O
6.5 Landau’s Theorem for Dirichlet series

THEOREM 6.5 A Dirichlet series

F(s)=)Y_

o0
=1
is analytic in o > o, where o is given by (6.3).

f(n)

n

We now come to the main theorem of this chapter.

THEOREM 6.6 Let

F(s) = Z fT(;Z)

n=1
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be a Dirichlet series with f(n) > 0 for all n € N and o, < oo. Then the function
F(s) has a singularity at s = o..

Proof

Suppose F(s) is analytic at .. Then there exists 6 > 0 such that F(s) is analytic
in Dy :={s:|s—o.| < d}. Fix a point on the real axis, say o¢ > 0. contained in
this disc and an € > 0 such that the whole disc D3 := {s: |s — gg| < €} is inside
D and o, € Dy (see the following diagram).

Since F(s) is analytic in D, and hence analytic in Ds, we conclude that for
s € Do,

o0
F(n) (UO) n
F(s)=Y_ — (s —o0)".
n=0
Next, the Dirichlet series is convergent for o > o0g. So for o close to oy (for
example, s is in an open ball centered at o that lies to the right of z = o.),

F(s) is given by

n

F(s) = Z f(’:).

Therefore, we can differentiate the above term by term and substitute s = o¢ to
deduce that

FO(ag) = Yo (- L

Substituting this into the Taylor series expansion, we find that

)

v=0 n=1
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Now taking s real, say 09 — € < s = 0 < 0., we have

o= o 5 (o

v=0 ' n=1
_ i f(n) i (0o —0)"In"n
B — no% V! ’

where the interchanging of the summations is valid since f(n) > 0 and cg—o > 0.
Hence,

n=1 nee
_ f: (1) oo _ i f(n)
- no‘o - no‘
n=1 n=1

The last equality shows that Dirichlet series is convergent for some o < o, and

this contradicts our assumption that o. is the abscissa of conditional convergence.
O
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7.2

Primes in Arithmetic Progression

Introduction

In Chapter 4, we proved that there are infinitely many primes by showing that
(see Theorem 4.9 (c))

Zl =Inlnz + O(1). (7.1)

p<z

The Dirichlet Theorem of primes in arithmetic progression states that for (k,1) =
1, there are infinitely many primes of the form kn + [. If we can prove a result
similar to (7.1), with sum over primes p replaced by sum over primes of the form
kn + 1, then we would have Dirichlet’s Theorem as a consequence. This strategy
motivates the following theorem.

THEOREM 7.1 Let k > 1 and [ be positive integers such that (k,!) = 1. Then

1 Inlnz
Z 5: (p(k) +O(1).

p<w
p=l (mod k)

Theorem 7.1 immediately implies the Dirichlet Theorem of primes in arith-
metic progression.

THEOREM 7.2 (Dirichlet’s Theorem of primes in arithmetic progression) If k
and [ are positive integers such that (k,l) = 1, then there are infinitely many
primes of the form kn + (.

Dirichlet’s characters
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DEFINITION 7.1 A Dirichlet character (mod k) is an arithmetical function

x:N—C

satisfying
(i) x(mn) = x(m)x(n) for all m,n € N.
1 if (n,k) =
() Ix(m)l = 0 otherwise.
iii)
iv) Xx

X(n + km) = x(n) for all n,m € N,
#®(n) =1, (n,k) = 1

Remark 7.1

(a) The values of x are 0 or ¢(k)-th roots of unity. This follows from (iv).

(b) There are only finitely many characters (mod k). This follows from the fact
that y is defined on (k) values j with 1 < j < k and (j,k) = 1. Hence,
from (iv), we see that for each j, there are (k) values we can assign to x (7).
This shows that there can be at most @(k)w(k) characters.

(¢) If x1 and x2 are characters (mod k), then so is x1xa2-

(d) A character x (mod k) can be obtained from a homomorphism

X:(Z/kZ)" — {2z € C||z| = 1}
where (Z/kZ)" is the multiplicative group of residue classes
({In]el(n, k) =1}, ),
with multiplication - as group operation. Given a character Y, one defines
0, otherwise.
Conversely, given y, one obtains a homomorphism X given by
X([n]x) = x(n).

This shows that there is a one to one correspondence between Dirichlet’s
characters (mod k) and homomorphisms from

(Z/KZ)" to {z € Cllz| =1}.

THEOREM 7.3 There are exactly ¢(k) characters (mod k).

Proof
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From Remark 7.1 (d) above, it suffices to show that there are exactly (k)
homomorphisms from

(Z/kZ)" to {z € C||z| = 1}.

From the structure theorem of abelian group, we know that (Z/kZ)" can be
written as a direct sums of cyclic groups with prime power order, say,

(Z/kZ)" = Cp, x - x Ch,,
where h; are prime powers and C,, denotes a cyclic group of order m.

Let [a;]x be a generator for Cy,, 1 <i < r. Given wy, -+ ,w, such that

hi _
w; " =1,

set
X(lailk) = wi, 1 <i <.
If
]k = [ Jlas,

then define

X([le) = Hi([ai]k)“i-

Note that X is a homomorphism from
(Z/KZ)" to {z € C||z| =1}.

Therefore, we have at least

such homomorphisms.
Next, let [a]x € (Z/kZ)". Then

la], = [aa]}" -+

Qo

[ar]}
where
0<a; <h,—1.
Now if X is a homomorphism from
(Z/KZ)" to {z € Cllz| =1},
then

X(la]x) = H%([al]k)a

The value X([a]i) is dependent on the values X([a;]x),1 < ¢ < r. The number
of possible values for X([a;]x) is hs, 1 < ¢ < r. Therefore, there can be at most
hihg -+ h,. = p(k) characters. In conclusion, we deduce that there are exactly
(k) characters (mod k). O
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The character xo will always denote the principal character (mod k), that is,

ol = {1 if (n,k) =1

0 otherwise.
The character x will denote the inverse of x, or, x -+ X = Xo-

The set of Dirichlet characters forms an abelian group with binary operation
X1X2 to be defined as x1x2(n) = x1(n)x2(n). This group, which we will denote
as G has identity xo.

Remark 7.2 The above Theorem is a special case from a more general Theorem
in the theory of characters. In general a linear representation is a homomorphism
p: G — GL,(C). A character is defined to be x(g) = Trace(p(g)). In general,
X is not a homomorphism. However, when G is abelian, all irreducible repre-
sentations are 1-dimensional over C. In this case, x(g) = p(g), and so, x is a
homomorphism. Furthermore, from character theory, we know that there are ex-
actly C' irreducible characters for a finite group with C' conjugacy classes. When
G is abelian, each element represents a single conjugacy class and so, there are
exactly |G| conjugacy classes, hence exactly |G| characters. This explains why
there are exactly (k) characters mod k.

The orthogonal relations

In this section, we will often identify (see Remark 7.1 (d)) Dirichlet’s characters
x with homomorphism Y from

(Z/KZ)" to {z € Cl|lz| =1}.

THEOREM 7.4 (a) Let x1, x2 be two Dirichlet’s characters modulo k. Then

zk:xl(a)m(a) _ {so(k) if x1 = X2,

0 otherwise.

(b) Let ay,as be integers with (a;, k) = 1. Then

{‘P(k) if a1 = ay (mod k),

S xla)x(@) =

% (el ) 0 otherwise.
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Proof
We will prove the following:

k .
> x(a) = {g(m = 72)
a=1

otherwise.
We first observe that since x(I) = 0 whenever (I, k) # 1, we must have
k k
2 x@= ) xa
a=1 a=1
(a k)=1
If x = xo then for (a,k) =1, x(a) =1 and
n k k
2xa)= D xa)= ) 1=wlk
a=1 =1 =1
(ask)=1 (ark)=

1

If x # Xxo, then there exists an ag relatively prime to k such that x(ag) # 1.

Now,
k
X(a0) Y~ x(a) = X(faolk) D> X(lalx)
a=1 lalke(Z/kZ)*
=Y Kaolklaly).
l[alk€(Z/kZ)"

Now, the multiplication of elements in (Z/kZ)" by [ag]r permutes the elements
in (Z/kZ)". Hence,

k
> Xaollal) = > Xalk) =D x(a).
lalk€E(Z/kZ)* lalk€E(Z/KZ)* a=1
Therefore, we conclude that
k
> x(a)=0
a=1
We now let x = x1xz in (7.2) to complete the proof of (a). O
Proof of (b).
We will first show that
p(k) ifa=1 (mod k),
Y. xla)= { her (7.3)
(mod k) 0 otherwise.
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If a = 1(mod k) then x(a) =1 for all characters x. Since there are exactly (k)
such characters, we conclude that

> xla) = (k).

Next, suppose a Z 1(mod k). Then since characters are constructed by assign-
ing roots of unity to the image of the characters on the generators of the cyclic
components of (Z/kZ)", there exists a character x* so that x*(a) # 1. Therefore,

X*(a) > x(a) =Y x"x(a) = x(a),

where we have used the fact that multiplying the elements in the set of characters
by x* permutes the elements in the set. This implies that

> x(a)=0.

Now, in order to prove (b), we simply view x as X and let [a]r = [a1]x[az],

where [a], denotes the inverse of [a]), in the group (Z/kZ)", and observe that

x(a1)x(az) = X([aa]x)x([a2])-

The Dirichlet L-series

DEFINITION 7.2 The Dirichlet L-series is defined as

L(s,x) = Z X(?), o> 1.

n
n>1

THEOREM 7.5 (a) If x = xo then L(s, x) can be analytically continued to the
half-plane o > 0, with the exception of the point s = 1 where it has a simple
pole with residue (k) /k.

(b) If x is not the principal character (mod k), then L(s,x) can be analytically
continued to o > 0.

Proof of (a)
For ¢ > 1, we have by Theorem 5.4,

L(s,x)zl;[<1—>2§f)>_l.
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Therefore,
1\ ! 1\ ! 1
L(S’XO)H<15> H<1é> H(lb)
ik p » p olk p

The function ¢(s) has an analytic continuation with residue 1 at s = 1. There-
fore, the residue of L(s, xo) at s = 1 is (k) /k since

lim (1 — 1) = @
s—1 ps k

plk
O
Proof of (b)
If x # xo, then
k
> x(n)=0
n=1
Therefore,
> o x(n)| <k,
n<z
for > 1. Hence, for any € > 0,
x(n 1 k
> M Y )| < o <
y<n<a I |y<nze 4
whenever
k 1/o
o> (%)
€
This implies that L-series converges for o > 0. O

7.5 Proof of Dirichlet’'s Theorem

Step 1.

It suffices to show that if x > 3 and

then

p=l (mod k)
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Let
1 1
Be Y L waome y L
p=l (mod k) p<z p
p=l(mod k)
where
c=1+ i
Inz
Then
1
- 22|<Z( ) e
p<lx p>wp
——
X3 >4
Now,
1—e¢" (e—=1)Inp lnp)
N
p<z p<xm=1
_Z cr—llnpz a—llnp) -1
p<z
S > (e
lnx — 1
1 Inp
< VP (o—1)Inp
“ Inx Z P c
p<z
1 Inp ,
< P 1/lnz _ 1).
“ Inx Z P v oQ)
p<z
Next,
Di=Jim Y
m<p<y
= 1li 1 1 1
—yEE}o Yo _72 - . Z t‘7+1)
p<y p<zx p<t
B - Int ) to+!

=o+0 (/:" tcﬁit)

103



104

Primes in Arithmetic Progression

Therefore, if

1
c=1+—,
Inx
then
1 1
—=——1n +0(1
D L O
p=l (mod k)

and Dirichlet’s Theorem holds.
Step 2.

We observe that for o > 1,

1 1 1 —
=2\ x(Dx(p
Zp: p? zp:p" o(k) | S Oxtp)
p=l (mod k)
1 __
= TN X(Z)S(Ua X)7
k
SO( )X (mod k)
where
p
S(o,x) = 32 A
p
P
Now,
' 1 1
S(U’XO):ZXOSP) =X -2 =
p p p p oIk p
1
=Y —+0(1)
» p
But
1 1 1
Y1) Y p =T Y - =0,
P p P p p m2>1 mp P p
since

S(0, %) _Z%+0(1) Y (1-%) +0(1)
=[] (1 pa>_1 +0(1)

(7.4)
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Now,

where g(o) is a function analytic at 1. Hence,

In¢(c) =In ( ! 1) +1In(1+ (0 — 1)g(0)).

o —

Since In(1 + (o — 1)g(0))) — 0 as o — 1, we conclude that

S@Mﬂzmaij>+m”

105

We conclude that the main term arises from the principal character yq. Hence,

it remains to show that
S(o,x) = O(1)

for o > 1 and all non-principal characters x(mod k).
Step 3.

Now, using computations similar to Step 2, we find that

S0 =Y M - 30 5 X oq)

p m>1
:—zp:ln (1— X]ff))l—kO(l)

= In(L(o,x)) + O(1).

Now, for x # xo L(s,x) is analytic in o > 0. So, L(c, x) is continuous at o > 1

and
(P_}ml L(o,x) = L(1,x).
If L(1,x) # 0 then we are done. It remains to show that L(1,x) # 0.

Step 4.

We first show that when y # xo is a complex character (mod k), then

L(1,x) #0.

Consider the expression

Po)= [ L.

x (mod k)
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We find that for o > 1,

In P(o)

Z In L(o, x)
x (mod k)
x(™)
> yy

X (mod k) p m2>1

Y LY e

p m2>1 mp x (mod k)
1
= Z Z mpme > 0.
p m>1

p™=1 (mod k)
Hence, for o > 1,
P(o) > 1. (7.6)
Suppose that L(1,x) = 0 for some x. Then L(1, %) = 0. Hence, P(s) has two

zeros at s = 1. But L(s,xo) has a simple pole at s = 1, which means that
P(1) = 0. This is a contradiction to (7.6).

Step 5.
In this final step, we show that for real character x # xo, L(1, x) # 0. Consider

the function f = x *u. Then f is multiplicative since it is the Dirichlet product
of two multiplicative functions. Note that

ZX(pl) =4>1 ifptk,meven
=0 >0 ifptk,modd.

Thus, f(n) > 0 for all n and f(n) > 1 when n is a square. Hence,
f(n 1
Fo) =Y 1o 5 L )
n>1 n>1

In particular, F'(c) diverges at ¢ = 1/2 and so 0. > 1/2. By Theorem 6.6,
F(s) must have a singularity at s = o, > 1/2.
On the other hand, for ¢ > 1,

F(s) = L(s,x)¢(s)-

If L(1,x) = 0, then F(s) would be analytic in ¢ > 0 and hence at ¢ = g.. This
contradicts our previous observation that F'(s) has a singularity at o. and we
must have L(1, x) # 0.

From Steps 3 and 4, we conclude that L(1,x) # 0 for all non-principal char-
acters x. This completes the proof of Dirichlet’s Theorem.
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Remark 7.3 The Dirichlet Theorem is a special case of the Chebotarev Density
Theorem.

Remark 7.4 If p is a prime that satisfies the property that p + 2 is also a
prime, then we call p a twin prime.The twin primes conjecture states that there
are infinitely many twin primes. This statement remains an open problem.

Motivated by Merten’s estimates and the proof of Dirichlet’s Theorem of
primes in arithmetical progression, it is natural to consider the sum

>
p<z,peT p
where T is the set of twin primes. If one can prove that the sum is divergent,
then there would be infinitely many primes. Unfortunately, this sum turns out
to be convergent (using sieve method). Consequently, this line of attack fails to
provide a proof of the twin primes conjecture.



8.1

Introduction to Sieves

A weaker upper bound for 7(z)

Sieve methods are important tools in analytic number theory. The earliest sieve
is due to Eratothenes. The basic ideas of sieves are simple. Given a set of integers
less than x, we want to sieve out set .4 which satisfies a certain property P. For
example, how many primes are there from 1 to 27 We know that by elementary
argument that an integer n < z is a prime if p { n for all p < /z. In other words,
if

P= 1] »

p<VzT

then to decide if \/z < n < z is a prime, it suffices to check if (n, P) = 1.
Let > 1 be a real number and 7(x) be the number primes less than z. We
find that

Vz<n<z
(n,P)=1

= Y > )

Vz<n<z d|P
d|n

= wd Y1

d|P Vrz<n<z
d|n

-2 (7 [%])

_ N M) p(d)
ekl PO O Py

d|P d|p d|p

Al (1—;>+O(2’T<ﬁ>)—\/§ I1 (1—]19).

p<Vz p<Vz
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But by Merten’s estimate,
1 x
=)o)
o H < p) © Inx
p<VzT
and so, the error term 27(V#) is larger than the main term, that is, (please check)

Qﬂv@)>>j£<
Inz
We now modify the argument, introducing a new parameter 1 < y < x.
Given an integer n < x, a necessary condition for n to be composite is that
p|n, p <y. Then

m(z) = 7(y) < (), (8.1)
where
W= Y 1= 2L
n<x n<x
pln = p>y (Pn)=1
with

P = H p.
p<y
To see why (8.1) is true, we note that the left hand side gives the number of
primes between y and x. The function «(z) measures the number of integers
n < x that are divisible by “large primes”, that is, primes greater than y. This
would include primes between y and x and hence the left hand side is less than
the right hand side of (8.1). But a(z) also counts those integers n < x which are
relatively prime to P.
Therefore,

n@) —wy) =0 |z ]] (1 - 119) +0 (2”(9))

~0 (hfy) +O(2Y).

Setting y = Inx, we find that

In2 €
Inlnz’

and hence

— (1 1
m(@) —r(lnz) +1 < e,

or, as a corollary,
x

7(x) <

This bound is of course weaker than Tchebychev’s estimate but nonetheless, it
is a non-trivial bound that is obtained from replacing /x by v.

Inlnz’
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8.2

Introduction to Sieves

We will now study the situation closely. Let A be a subset of the set of integers
less than = and P be the set of primes. Let

E={neAn#0(modp) forallpeP}.

The set £ is an example of a sifted set. Note that in our example above, our set
A is the set of integers less than x and P is the set of primes less than y and

a(z) = |€|.

The Large sieve and its applications

We now generalize the situation in the previous section. Let A be a subset of
N. Let P be the set of primes less than Q. Let Q, be a set of y(p) distinguished
residue classes modulo p. Let

E={ne An(modp) ¢Q, forall peP}.

In the case when we are bounding 7(x), the distinguished residue class is 0
(mod p).
Let

S(A,P,Q) = [E].
Our aim is to bound S(A, P, Q).

THEOREM 8.1 (The Large Sieve) Let N and @ be positive integers. Let A be
the set of integers between 1 and N. Let Q be the set of ¢ < ) whose prime
factors are in P. Then

S(A,P,Q)<C

N + @Q?
L

where C' is some positive constant (which can be taken as 2w as seen in the
proof) and

L= 3o [[ ;20

qeQ plg

We will prove Theorem 8.1 in the next few sections. We begin with some
applications of the Large Sieve.

EXAMPLE 8.1 Let A= {n|n <z} and P = {p prime|p < y/z}. In other words,
Q = x. Let Q, = {0}. This implies that v(p) = 1. Let

E={neAn#0 (modp) forall pe P.}.
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If n is a prime between /z and z then n € £. Hence
m(z) — (V) < [E].
By Theorem 8.1, we conclude that

r(o) - m(vm) < ¢ WAL

<

8

where
1
L=> w@]]—
p—1
qeQ plg
But

The last estimate in the above follows by first writing
n :p‘lllpg? .. .pgkql g
where «; > 2. We then set

n/:P1p2"'ka1"'(Ij

and
’I’LH _ p{lxlfl . 'pgk—l’
and observe that the term
1
n/nll
appears as a term in the form
pn) 1
n/ nl/
on the left hand side.
Hence,
a»
T(r) < —,
(@) Inz

which is Chebyschev’s estimate.

The next example illustrates the use of the Large Sieve in the study of twin
primes.
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EXAMPLE 8.2
Let m2(z) be the number of primes p less than « such that p + 2 is also prime.
We will show that

ma(z) = O (§> . (8.2)

In“ x

As a result, we have

p<z
p+ 2 is a prime

The last conclusion follows from the expression that

7T2(£L‘) /x 7T2(t) /ac 1
“F dt <1+
z 5 12 5 tln%t

To prove (8.2), let @ = /z and P = {p < /z} and A= {n < z}. Let

dt < 1.

E={neAn#0 (modp)andnz -2 (modp)forallpe P}.
In other words, v(p) = 2 if p # 2 and y(2) = 1. Note that £ contains twin primes
r < z. By Theorem 8.1, we find that

r+1+x

mo(x) — (V) < €] K 7

where

L= ]2

q€Q p\q
with @ containing integers with prime divisors p < v/z. Now,

2 1
> u H7 =2 w@ Il ;=55

v(p)

qeQ p\q q€Q plg
pF#2
5 1 -
p—22—1
qeQ p\q b
p752
> Y25
q€Q plq
Qw(q) 1 1
= > PO (1t o)
q€eQ plg b
The sum

Z#

qeQ
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8.3 The Large Sieve inequality

adds up term for which q is squarefree. But the sum

Z“ H(1+;+;+~-->

q€eQ plg

q)2¥ w(q)

is a sum of the type

with
B={m| plm = plq}.

Therefore,
2w(n)

Z“ SO IEED pe=

qeQ neB neQ

113

(8.3)

The last inequality holds because an integer n appearing on the right hand side
can be written as q - ¢’ where g is the squarefree part of n and that the prime

. . .. w(n)
divisors of ¢/ are prime divisors of ¢. Therefore, the term 2 =

n can be written as

ow(a) 1
g d
and this term is present in the sum of the left hand side. Now,
Z gw(n) Z gw(n)
e " <z
Since
Y2 - %ylny +0(y),
n<y
and

2w(n) 3 0
Z - :ﬁln y+ O(lny),
n<y

we conclude from (8.3) that
L>m?Vz

and we complete the proof of (8.2).

The Large Sieve inequality

In this section, we prove the Large Sieve inequality.

corresponding to
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THEOREM 8.2 Let x1,xs, -+ ,z, be d-spaced. That is to say, if
|z ||= min |z —nl,
neZz

then for k = j,
| zx —x; [|= 0.

Let
N
S(ﬂ?) — Z an62ﬂ'inw'
n=1
Then
r 1 N
2 2
;;wu»|<c(N+5)gy%u

where C' is some positive constant.

Remark 8.1 In the above theorem, we restrict our n from 1 to N. We may
replace [1,N] by [M + 1,M + N] by letting a, = bar+,e2™M% and setting
k =mn+ M. This gives

M+N N
O (.T) _ 2 : bkeQTmee%rzk:v _ E aneQ'rmn:t .
k=M+1 n=1

The Large sieve inequality then yields

R 1 N 1 M+N

* 2 2 _ 2
Z\s (z5)] SC(N+6)Z|an| C(N+6) > [bel,
j=1 n=1 k=M+1

since |e?™iM®| = 1,
To prove Theorem 8.2, we need an intermediate lemma.

LEMMA 8.3 If f has a continuous derivative on (z — /2, + §/2), then

1 z+6/2 z+6/2 ,
f@I<5 [ @iy [ 1wl
z—8/2 z—§/2

Proof
Assume x = 0. Note that
§/2

5/2 5
| er-nrwa=—5r0+ [ o

0
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and

0 0
[ ereprwa=300-[ rwa.

—5/2 —48/2

Therefore,

6/2 0 5/2
- / (6/2— ) F'(y) dy + / (6/2 +y) f'(y) dy = 5(0) - / F() dy.

—5/2 —5/2
Now,
[0/2 —y| <d/2for 0 <y <6§/2
and
[6/2+y| <6/2 for —=6/2 <y < 0.
Hence,

5/2
srol<o2 [ irwlds+ [ il
—5/2 Y
This proves the result with = 0. Replacing f(¢) by g(z + t), we complete the
proof of the lemma.
O

We now prove Theorem 8.2.

Proof of Theorem 8.2
Applying Lemma 8.3 with f(x) = S?(x) and 2 = x;, we deduce that

Swldy+5 [ 8@ wldy.
1175/2

@I < 5
1175/2

Summing over ¢ from 1 to  and observing that (z; — /2, z; +6/2) modulo 1 are
non-overlapping for i = 1,--- ,r, we deduce that

T ) 1
ECIES /

a+1 a+1

1S(y)|2dy + / 1S(4)S'(v)|dy.

[0

Note that

14+« N
/ 1S@)Pdy =3 Janl?
@ n=1

Jéa+1|5(y)§%yﬂdy < <]£a+1|5(yﬂ2dy> (JCQ+1|5%y)de>

Since
a+1 N
[ 18Py = 4 3 fan e
@ n=1

and

1/2 1/2
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and n < N, we deduce that

i=1 n=1 n=1 n=1
1 N
8.4 Farey sequence and Theorem 8.1

By a Farey sequence of order n, denoted F,,, we mean a set of reduced fractions
in the interval from 0 to 1, whose denominators are less than or equal to n,

arranged in ascending order of magnitude.

One fact about elements in Farey sequence is that if a/b,a’ /b’ are successive

terms in F,,, then

a a 1
vob b
Therefore,
a a 1 1
bV T w2

if b < Q. Therefore, the elements in the Farey sequence are 1/Q? well spaced.
Using non-zeroes elements of the Farey sequence of order @, we conclude from

Theorem 8.2 that

2;2 > s ‘ ( )‘ <C(N+Q2)§:Ianl2-
g< (@ :)1: n=1

Proof of Theorem 8.1
To prove Theorem 8.1, we will choose a,, such that

an, =0  whenever n & &.

We will show that it suffices to prove the following inequality:

wll 255 = % ()

plq :1

N
Zan

n=1

If (8.6) is true, then by letting

{1 ifnecé,
[T

0 otherwise.
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From (8.6), we find that

2

N q NE
Y| T (w0l 25 ) <3 30 |s(5)
n=1 9<Q plq ¢<Q  a=l1
(a,q)=1
Hence,
+(p q o\ 2
o | STl 205 ) < 3 3 s ()
q€Q p\q q<Q a=1
(a,q)=1
N
<SCIN+Q)Y anl
n=1
C(N + Q?)[€|.
Therefore,
N+ Q?
<
CRYeRAsta
where

L=y w20

qeQ p|q

We now prove (8.6). First, we observe that if ¢ is not squarefree, then p(q) = 0
and (8.6) is true since its right hand side is non-negative. From now, we may
assume ¢ to be squarefree.

Let

H v(p
plq

We now rewrite (8.6) as

> [S(0)” J(q). (8.7)

We will now show how to establish (8.7) by first showing that it is true prime
p. Note that in (8.7), ¢ = pip2---pr where p;,1 < j < k are distinct primes.

Suppose
> [5(;)

a=1
=1

(a,p)

2

> |S(0) W’)p — [SO0) T(p). (8.8)

By replacing a,, by a,e2™8 we find that

£ iz

2

> |S(B)* J(p). (8.9)
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Next, suppose we have proved (8.8) for p,p’ with (p,p’) = 1. Then by the
Chinese Remainder Theorem,(8.8) and (8.9), we find that

pp’ PENE: P p a b |2
> ) =2 ZBGs)
c=1 a=1 b=1
(a,pp’)=1 (a,p)=1 (b,p")=1
p NE
> Sl=)| JO&
>[5 (5)[ o
(a,p):l

> [S(0)](p)J (p) = 1S(0)]*J (pp).

By induction, we conclude that (8.7) holds since ¢ is a product of k distinct
primes.
We have seen that it suffices to prove (8.8). Let

N

Z(p,a) = Z Q-

n=1
n=a (mod p)

We note that
|Z(p,a)]* = > Ui (8.10)

1<m,n<N
m=n=a (mod p)

Furthermore, if n = a (mod p) and a € €, then n ¢ £. This is because an
element n in £ must satisfy n # a (mod p) for all a € Q,. Hence,

Z(p,a) =0 ifaec, (8.11)
since (8.5) implies that a,, = 0 whenever n ¢ £.
Now,
p—1 o[ 2 py N 2

p—1
§ : § : an@e%ﬂ(n—m);
=0

a=01<n,m<N

=p § ApnQm
1<n,m<N
n=m (mod p)
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where we have used (8.10) in the last equality. In other words, we have

p—1 2 p—1
> |5 (2)] =r X 1Zt0r (812)
a=0 a=0
Let
)1 ifa ¢,
Xo = {O otherwise.
Note that

p—1
> Z(p, a)xa = S(0).
a=0

By Cauchy’s inequality

DL RED DITHE SN

we find that

= <ZO><3> Z{)‘Z(p’ a)® < (P—’Y(P));)IZ(p,a)\z. (8.13)

But by (8.11) and the definition of S(x), we find that
2

= |S(0)?. (8.14)

p—1
> Z(p,a)xa
a=0

p—1
> Z(p,a)xa
a=0

Using (8.12), (8.14) and (8.13), we conclude that

S < 2= (E S (;‘j) r + |S(o)|2) .

p

a=1

Simplifying, we find that

Sl fa\[ o )
; S(P> - p—v(p)w(o)' ’

and this completes the proof of (8.7) for prime number p and the proof of The-
orem 8.1 is complete. O



9.1

9.2

Roth's Theorem on Arithmetic
Progression

This Chapter is a modified version of H. Halberstam’s lecture notes on Circle
Method. See also Chapter 10 of R. C. Vaughn’s book “Hardy-Littlewood Circle
Method.”

Sets without three terms in arithmetic progression

Let n be a positive integer and M (3)(71) denote the largest number of integers in
[1,n] having no three terms in arithmetic progression among them. Define

M®)(n)

() () —
p(n) -

In this chapter, we will show that
1
G () =
) O<lnlnn)'

EXAMPLE 9.1 When n = 27, M®(27) = 9 and s possible set is
{1,2,4,9,13,14, 20, 24, 26}.

Basic inequalities associated with 1/ (n)

The first observation about M (3)(n) is the “triangle inequality”

LEMMA 9.1 Let m and n be positive integers. Then

M®(m+n) < M®(m) + M®(n). (9.1)

Let 9 be a set of integers from [1,m 4 n] with M®)(m 4 n) elements. Then
9 N [1,7m] has at most M) (m) elements. The set M N [m + 1,m + n] has at
most M®)(n) elements since 9t — m N [1,7n] is a subset of [1,7] with no three
term in arithmetic progression. Therefore (9.1) holds.
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Our next lemma contains several inequalities associated with ;(3)(n) and will
be used throughout the proof of Roth’s Theorem.

LEMMA 9.2 Let m and n be positive integers. The following are true:

(i) If m|n, then

4 () < O (m). 9.2
(ii) If m < n, then
®)(n LY o .
B0 < (14— ) W) (9.3

(iti) The limit lim x® (n) = u® exists.
n—oo

Proof
If m|n then from (9.1), we deduce that

M3 () < 2
(n) < (m)

and (i) follows immediately.
Suppose m < n. Write

n=gn+nr,0<r<m
with ¢ = [n/m]. By (9.1),
M® ()= M® (gm+1r) < MO (gm) + p® () < gM® (m) + MO (7).
Since
M@ (r)y < MO (m),

we conclude that

(3) (3)
M) (n) < g+1 M®(m) < (g+ )ym M) (m)
n qgm +r qgm +r m
— 1
< 1@ (m) + ——L ™ <<1+> 3 (1m).
S p(m) 4 e m) < ) m)

This completes the proof of (ii).
Now let n — oo in (ii) and deduce that

limsup ' (n) < ™ (m).
Let m — oo to deduce that
lim sup 13 (n) < liminf 1 (m)

and this implies that the limit lim p®(n) = 4 exists and (iii) is true.
n—oo
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9.4

Roth’s Theorem on Arithmetic Progression

M®)(n) as an integral

Let O be a set no three term arithmetic progression and || = M®) (n). If
my +ms3 = 2mg and mq, ms, m3 are in I, then my, = my = mg. This is because
if my # mo then the equality will imply that mq, mi+(ma—myq), mi+2(mgo—my)
will be three terms in 9 which are in arithmetic progression. In other words, if

2mia and

e(a) =e

then
M®)(n) = 1f20zf—ozdoz.
() /0 ()(2)

The above follows from the fact that

! 1 if =0
/ e(at)dt = ne ,
0 0 otherwise.

and the inner integral of the right hand side of

/0 f2()f(—2a) da = Z /0 e((my1 +mg — 2ma)t) dt

mi,ma,m3gEM

is non-zero only when my = mo = ms.

Write
fla)=>"k(r)e(ar) (9.4)
r=1
where
1 ifreMm
K(r) =
{0 otherwise.

In the next section, we will use f(«) to obtain more information for M®)(n).

Roth’s Theorem in arithmetic progression

Let

n

v(a) = pP(m))_ elar) (9-5)

r=

—

where m will be chosen later.
We now introduce the function

E(a) = v(a) = f(a) = Y (1@ (m) — k(r))e(ar), (9.6)
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where f is given by (9.4).

Let
o(r) = ! (m) — k(r). (9.7)
Observe that
le(r)| <1 (9.8)
since 0 < u®(m) < 1 and «(r) is either 0 or 1.
Let
m—1
F(a) = Z e(—as) (9.9)
s=0

and supposed that n > gm. Note that

m—1

= Z Zc a(r —qs)), (9.10)

s=0 r=1

where ¢(r) is given by (9.7).
Let h = r — gs. We rewrite (9.10) as

m—1 n—gqs

Z Z c(h + gs)e(ah)

5=0 h=1—gqs
m—1 n—qm 0 n—gs—1
:Z Zch—i—qs Z c(h + gs)e(ah) — Z c(h + gs)e(ah)
s=0 h=1 h=1-—g¢s h=n—gqm
m—1n—gm
= c(h + gs)e(ah) — R(a), (9.11)
s=0 h=1
where
m—1 0 n—qs—1
|R(a)] < Z Z le(h + gs)| + Z le(h + gs) < gm?, (9.12)
s=0 h=1—gs h=n—qm
by (9.8)

Let o(h) = >0 01 c(h + gs). We may then rewrite (9.11) as

n—aqm

F(aq)E(a) = Z o(h)e(ah) — R(«). (9.13)

h=1

The next lemma is important.

LEMMA 9.3 If n > gm, then o(h) > 0.
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Proof
Note that
m—1
o(h) = Y (1@ (m) = r(h+qs)) = MP(m) — K,
s=0

where K is the number of elements of 9t among {h + jq|0 < j < m — 1}. Let us
write these K integers as {h+s;¢|1 < s < K}. Then {1+4s;|1 < s < K} is asubset
of [1,m] without 3 term arithmetic progression. In other words, K < M®)(m)
and therefore,

o(h) = M®(m) — K > 0.

We now recall a lemma known as Dirichlet approximation theorem.

LEMMA 9.4 Let o € R and N be any positive integer. Then there exists positive
integers a and g with ¢ < N such that

a
a— =
q

= Nq'

Proof

Consider the numbers 0,{a}, {2a},---,{Na}. By pigeonhole principle, there
exists £ and k (¢ > k) such that {ka} and {fa} lie in an interval of the form
[s/N,(s+1)/N]. This means that

1
[{ta} — {ha}| <

which implies that

1
(€ = K)o = ([le] — [ka])| < &-

Choosing a = [a] — [ka] and ¢ = (¢ — k) completes the proof. O

We are now ready to estimate E(a) (see (9.6) for the definition of E(«)).

LEMMA 9.5 Suppose n > 2m?2. Then for every o € R,

|B(@)] < Zn (1D (m) = uD(n)) + 7m?.

Proof
From Lemma 9.4, there are integers a and ¢ such that

1
_al < —/—
lqoc —al < 2m
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with ¢ < 2m. Let 8 = qov — a. The function F'(aq) (see (9.9) for the definition of
F(«)) can then be written as

m—1 m—1
Flag) = Y e(=saq) = 3 e(~s(3 —a)) = F(8)
s=0 s=0
Now,
|1 —e(=Bm)| _|sinmpm
1F(B) = ‘ 1—e(—p) ‘ | sin7p

Since sinmz < 7z and sin 7wz > 2z for 0 < x < 1/2, we conclude that

sin wBm 2m
6 >

[F(aq)| = [F(B)] =

sintf | T 7
Therefore, from (9.13), we conclude that

22| (0)| < [Flaq)|B(@)] < Y o(h) + R(@)|
h=0
= F(0)E(0) ~ R(O) + |R(a)],

where we have used (9.3) to conclude that |o(h)| = o(h) and (9.13) to deduce
that

Hence,
T
|E(a)| < 3 (mE(0) + 2gm?)

where we have used (9.12) to deduce that

—R(0) + |R(a)] < [R(0)] + [R()| < 2qm?.
Here we check that n > 2m? > gm. Recall from (9.6) that

E(0) = v(0) = f(0) = np™® (m) = np™ ((n).
Therefore,
T (u® (3) 2
[B(a)] < 5n (™ (m) = p¥(n) ) + 2m°n

and the proof is complete after bounding 27 by 7.

Recall that

M@ (n / ) f(=20)do =T — / (@) E(—20) dao,
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where we have used (9.6). Note that

I =pu®(m) Z Z Z/o e(a(a+b—2r)da

a€MbeM r=1

{1 ifa+b=0 (mod 2)

0 otherwise.

Let Mg and Mo be the number of even integers and odd integers in 9 respec-
tively. Then

(Mg + Mo)® = 7M(3)2(m)M(3)(n)2, (9.14)

(3)
13 (m
= ) (1 + 152) = 22

where we have used the inequality
2(s% + %) > (s + ).
Now,
1 1 -
MO@-11 < [ 1@PIEC-20)]da < [ If@)P da (n (1 m) — 1 m) + 7).
0 0

where we have used Lemma 9.5. By Parseval’s identity,

1
/0 1F(@)? do = M®)(n),

and therefore, if n > 2m?,

MO () 1] < MO () (5

5" (u(S) (m) — u(3)(n)> + 7m2) . (9.15)

Next,
VaE: [ [ MG ,u(?’)(m)M?) 2 _ G

where we have used (9.14).Therefore, we may deduce from (9.15) that

M®3)
%uw)(m) ~1< I (1 m) = 1 m)) + 7.
Dividing both sides of the inequality by n, we conclude that

14m? 2
4 (9.16)

D @) (m) < 7 (14O (m) = () + =

Letting n — oo followed by m — oo and using the fact that lim p(® (n) = p3

n—oo
exists (see Lemma 9.2), we conclude that

2
(M(?’)) <0
and therefore,

lim p®(n)=0

n—oo
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and the weak form of Roth’s Theorem is true.

To obtain the strong form of Roth’s theorem, let n = 23" and m = 23", Note
that m3 = n and therefore m?/n = 1/m < 2 which means that n > 2m?2. Let
k) = u(?’)(23k). Then from (9.16), we deduce that

14m?2 2

Alk = DA(R) < 7k = 1) = Mk)) + —— + =,

or

1<n ( o 1 ) n 30
- AE)  Mk-1) 23°\2(k)’
where we have used
Ak) < Ak —-1).
From now on, we will not worry about the constant 30 and simply replace it by
c. Now we sum k from ¢ to 2¢ + 1 to deduce that
T 'l

< .
Y< 3w T e

Here we have used the bound A(2¢) < 2\(k) and 23° < 23" for ¢ <k<2041.
We claim that

C
A20) < —
(20 <7
for some constant C'. If this were true, then we are done. Suppose
C
A20) > —.
(20> 7
Then
T d T il
M2 < =4+ ——— < = .
(20) = ¢t 23°\(20) — ¢ e
Choose / large enough so that
4 Cc*
— <
23 = ¢
and we conclude that
ol
A20) < —
14
for some constant CT. So we know that for sufficiently large ,
d
A20) < -
(20) < 5
for some constant d. Using the same argument, we may deduce that
d/
A20+1) < 7
Therefore
d//
Al) < —
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Let n be sufficiently large and choose £ such that
23" <p <28

Note that £ is of the same order as InInn. Therefore,

implies that

. 1
@ (p) =
wn) =0 ( Inln n)

and this completes the proof of Roth’s Theorem on arithmetic progression.



